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The curse of dimensionality has been a vexatious obstacle in processing queries on
multidimensional data. This problem is more serious with uncertain data: an uncertain
object's value may spread extensively in the data space with varying probability distribution.
In this paper, we attack this challenging problem and propose a technique called DuoWave for
indexing uncertain multidimensional objects under a commonly used data model. We propose
efficient algorithms to process range queries, the most popular filtering paradigm for many
multidimensional queries on uncertain data. Extensive experiments show that DuoWave
significantly outperforms state-of-the-art techniques. Moreover, DuoWave can also be
exploited for a number of other query types on uncertain data.
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1. Introduction

Data in many applications exhibit impreciseness and uncertainty. Consider the following three classes of sources.

Class 1 Sensors are used to monitor the environment in a forest. The data of the environment of a forest may consist of many
aspects, such as the temperature, illumination intensity, time, humidity, intensity of pressure, oxygen content, dust
content in the air, wind speed and so on. Sensors send the readings to a server through a wireless network. Due to the
limitations of network bandwidth and battery power of sensors, it is not practical to send the readings to the server at a
high frequency. The actual environment value may keep fluctuating and therefore the reported value at the server is
uncertain. Measurement errors also bring uncertainty into the data.

Class 2 A set of parameters is used to describe an object's behavior. For example, an NBA (National Basketball Association)
player's game statistics are shown in Table 1. Parameters such as points scored (PTS), assists (AST), and steals (STL) are
used as a composite descriptor for a player's performance. Since the player's performance varies every game, the
performance descriptor may be treated as uncertain. In particular, we can view a player's performance as a random
variable and the parameters at different games as samples of the random variable. Many other applications such as stock
price predictors, company performance indicators, etc., may contain a large number of parameters and exhibit similar
characteristics.

Class 3 Privacy preservation is a serious concern in publication of personal data. Consider a popular example in the literature
where hospitals release patients' medical records for research purposes. Each record contains attributes such as the
patient's age, gender, height, weight, race, education level, zipcode (or postcode), as well as the type of disease. To protect
the privacy of individual patient, hospitals always generalize attributes of the released records into ranges [1,2] or inject
noise into the released information about the records [3,4]. Moreover, as location privacy has become increasingly a
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concern, many locations are blurred (e.g., points are cloaked to regions) when they are published [5,6]. Therefore such
published information is always uncertain.

Data in such applications can be modeled as follows. The data objects reside in a multidimensional space. An object is modeled
by a probability distribution [7,8]. In the first class, for example, the environment of a forest is changing all the time, and a
probability density function is used to represent the continuous probability distribution of the object being in the possible range,
whereas it is natural to use a probability mass function to represent the discrete probability distribution of the data in the second
class of applications.

Range queries are the most basic and important type of queries in many applications and also used commonly as a filtering
paradigm for processing many types of multidimensional queries. A range query on uncertain multidimensional data finds objects
whose attribute values (the parameter values aforementioned) are in a given range with a probability greater than a given
threshold. For example, find players whose points are above 30 and assists are above 4 in at least 60% of the observations. In this
paper, we investigate the problem of efficiently processing range queries on uncertain data, with the focus on high dimensional
spaces. To further demonstrate the effectiveness of our indexing technique, we also address another important and common
query type, the similarity query on uncertain multidimensional data, especially in high dimensional spaces. A similarity query
finds objects similar to a given object based on a probabilistic metric, which we will define formally later.

The state-of-the-art techniques for indexing uncertain objects such as U-trees [8] and APLA-trees [9] use the R-tree as the
underlying structure. However, the R-tree is known to suffer from the curse of dimensionality when indexing multidimensional
data, i.e., it performs worse than a sequential scan when intrinsic dimensionality reaches about ten [10,11]. This problem is more
serious with uncertain data: the possible values of uncertain objects may diffuse throughout the data space, which causes major
overlaps between bounding boxes of different objects when using a spatial index structure like the R-tree to index them. The
overlaps result in low pruning power and high access costs during query processing. In the aforementioned applications, data
usually have dozens of attributes and the need for an index that works well in high dimensional spaces is compelling.

Motivated by the strong need to address the high-dimensionality problem in indexing uncertain data, we propose DuoWave, a
technique to index uncertain objects by wavelets. The DuoWave index is a compression of the original data file based on
histograms and wavelets. The index serves as a filter to prune unqualified objects during query processing. After the filtering
phase, a small portion of the data objects remain as candidate answers. We only need to retrieve these objects from the original
data file to check if they are the actual answers. Both scanning the index and retrieving candidates from the original data file are
sequential disk accesses. If the index can be made much smaller in size than the original data file and at the same time, the index
can prunemost objects, then we may achieve less sequential access in total than scanning the original data file, and hence provide
superior performance compared to a sequential scan, irrespective of dimensionality.

The challenge lies in deriving highly effective bounds to prune objects. We propose bounds proven to be tight based on our
compression scheme for processing range queries. To our knowledge, this is the first study to specifically address the
“dimensionality curse” problem for general range queries on uncertain data. Moreover, DuoWave is generic and can support
various types of queries. We focus here on processing range and similarity queries while we also discuss how to process a number
of other types of queries on uncertain data using DuoWave. Our contributions are summarized as follows.

• We propose a new indexing scheme for uncertain data based on a compression approach, called DuoWave. It integrates several
compression techniques such as histograms, wavelets, and dimension selection with careful design to achieve high efficiency.

• We propose an algorithm to process range queries based on the DuoWave index. Specifically, the algorithm adopts a filter-and-
refine paradigm and uses the DuoWave index to derive some bounds for filtering unqualified objects. We prove that the bounds
are tight under our DuoWave compression scheme. We use a similar strategy for similarity queries and provide an efficient
algorithm. The strong pruning power of the algorithms is validated in the experimental study.

• We show how DuoWave can be utilized to process a number of other types of queries.
• We perform an extensive experimental study. The results validate the effectiveness of our compression scheme and the
efficiency of our algorithms. In all the experiments, our technique consistently outperforms the U-tree, APLA and sequential
scan, especially when the dimensionality is high.

The rest of the paper is organized as follows: Section 2 reviews related work. Section 3 presents the data model and query
definitions. Section 4 describes our indexing technique, DuoWave. We provide algorithms to process range queries in Section 5

Table 1
An example of data of NBA players.

Name: Kobe Bryant

Game OFF DEF AST STL BLK PF PTS

1 1 4 6 4 2 2 37
2 0 3 4 0 1 5 26
3 0 2 5 1 0 1 23
4 0 2 2 1 0 3 31
5 4 7 2 1 1 5 49
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and similarity queries in Section 6. We discuss processing of other types of queries in Section 7. Section 8 presents our
experimental results and Section 9 concludes the paper and presents future work.

2. Related Work

2.1. Processing queries on uncertain data without an index

Many papers address individual types of queries on uncertain or probabilistic data, such as top-k answers for traditional SQL
queries on uncertain data [12], aggregate queries on uncertain data [13,14], Topk-PNN (Probable Nearest Neighbor) query [15]
and Constrained Probabilistic Nearest-Neighbor (C-PNN) Query [16]. The above papers focus on computing query answers
efficiently, but do not propose any index structure to facilitate query processing. Pei et al. [17] address probabilistic skyline
queries on uncertain data, which find objects being in the skyline with probability higher than a given threshold p. The above
papers focus on computing query answers efficiently, but do not propose index structures.

2.2. Indexing techniques on uncertain data

Cheng et al. [7] propose some indexing techniques for range queries on uncertain data, but only for one-dimensional space.
Recently, Aggarwal et al. [18] analyze the complexity of indexing one-dimensional uncertain data for range queries and propose
indexing schemes with linear or near-linear sizes and logarithmic query time. However, the results are mostly theoretical and it is
unclear how to extend the schemes to multidimensional data.

The UniGrid index is proposed for a special type of high-dimensional uncertain data where dimension-wise independent
probability distribution is assumed [19]. We explain the limitation of the assumption of UniGrid with an example. For ease of
explanation, we assume each object has two attributes, A and B, and probability mass functions are used to represent
the probability distribution of objects' attributes. Given the UniGrid model, for one example object X, the dimension-wise
independent probability distribution of attributes A and B are represented as {Pr(X.A=1)=0.2,Pr(X.A=2)=0.8} and
{Pr(X.B=3)=0.2,Pr(X.B=5)=0.8}, respectively. However we also have another object Y, which is associated with a joint
probability distribution {Pr(Y. (A,B)=(1,5))=0.2,Pr(Y. (A,B)=(2,3))=0.2,Pr(Y. (A,B)=(2,5))=0.6}. Note that the marginal
distribution of Y.A and Y.B is the same as the distribution of X.A and X.B, respectively. However the joint distribution of the
attributes of Y cannot be represented by the UniGrid model. Thus, we need a more powerful model to fit into the real data. In this
paper, we assume a more general model, specifically, joint probability distribution that supports arbitrary correlations on the
uncertain values of the objects.

Singh et al. [20] have addressed indexing of categorical data, where an attribute's value must be drawn from a categorical
domain. They propose two methods, an inverted index approach and an R-tree approach. These methods have good performance
for data with categorical domains, but do not apply to infinite data domains.

In terms of addressing the general form of range queries, the U-tree [8] and APLA [9] are comparable to our technique. U-trees
use minimum bounding rectangles (MBRs) to represent objects' uncertain ranges and several nested hyper-rectangles (CFBs) to
approximate the probability distribution. MBRs and CFBs guide the grouping of objects and are stored in an R-tree structure.
During processing of a range query, the query range is compared with both MBRs and some of the CFBs, determined by the query
probability threshold. Since U-trees use R-trees as the underlying structure, a major concern is that U-trees are not scalable to
high dimensionality as discussed in Section 1. Our experiments show that U-trees perform worse than sequential scan when
dimensionality is more than ten. Moreover, the U-tree only addresses range queries.

The APLA technique [9] first approximates the distribution of an uncertain object using piecewise linear functions. Then the
piecewise linear approximations are indexed using an R-tree or stored in a sequential file, which results in two techniques called
APLA-tree and APLA-sequential, respectively. The APLA-tree index also uses the R-tree as the underlying structure, which suffers
from the same problem as the U-tree does. APLA-sequential is more promising for high-dimensional uncertain data and we will
compare our technique with APLA-sequential in the experimental study.

2.3. Processing queries on certain multidimensional data

Modeling methods of high-dimensional data are summarized in [21]. Many existing studies attempt to break the curse of
dimensionality for certain data [22,23,10,24–26]. However, there is no straightforwardway to adapt any of them to index uncertain
data, because those techniques were designed for point data and cannot handle data objects represented by regions of possible
values with a probabilistic distribution. In addition, a sparse learning machine is developed for high-dimensional data [27].

Lin [28] proposes a novel indexing structure of line segments based on compressed B+ trees. Predictive range and KNN queries
on moving objects are addressed in [29]. Moving KNN queries in multidimensional space are addressed in [30,31]. Some works
address multi-granularity indexing and query processing to support web query expansion [32].

2.4. Approximating with wavelets and histograms

Our index structure employs histograms and the wavelet transform (wavelets). Wavelets have been widely used in data
streams [33], time series [34], etc., but not in indexing uncertain data. Some existing studies (e.g., [35,36]) have focused on
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minimizing certain error metrics when using histograms and wavelets for approximation, and so that the summaries (histograms
and wavelets) can be used for probabilistic data exploration, approximate query processing, etc. Those techniques provide
approximate solutions instead of exact ones. In comparison, our work uses histograms and wavelets to derive bounds, which
function as a kind of filter for pruning unqualified objects. Our algorithms provide exact answers instead of approximate ones. In
addition, by using different types of histograms and/or wavelets only the efficiency of our technique is going to be affected
(because of possibly tighter bounds). Developing histograms and wavelets with good approximation bounds is an orthogonal
issue to this paper and the histograms and wavelets proposed by previous studies can be used in our technique without affecting
the correctness of the answers.

3. Data model and problem definition

In this section we define range and similarity queries based on a common uncertain data model. Frequently used symbols are
summarized in Table 2.

3.1. Data model

The dimensionality of the data domain space is the number of attributes of data objects, denoted as d. A certain object is
represented by a single point x= 〈x1,x2,…,xd〉 in the d-dimensional domain space, associated with a probability 1.

As discussed in Section 1, an uncertain object X is modeled by a probability distribution. The probability distribution of each
uncertain object may be continuous or discrete. Note that for most real applications, the probability of an uncertain object being
outside a certain bound is too small to be possible in practice. To make such distributions manageable, most existing studies on
managing uncertain databases have modeled uncertain objects with bounded ranges [7,8,37]. Therefore we follow this approach
in our paper and assume that the probability distribution of each uncertain object X is a constraint distribution so that all possible
values of X are within an uncertain region X.ur={[X. l1,X.u1], [X. l2,X.u2],…, [X. ld,X.ud]}. Then if an uncertain object is associated
with a discrete probability distribution, we use a probability mass function to represent its probability distribution, denoted as
pmf. Let X.m denote the number of possible values of X. Then we have∑ j=1

X.m X.pmf(x[ j])=1, where x[ j] is the jth possible value of
X and x[j] is inside X.ur. If an uncertain object has continuous probability distribution, we use a probability density function,
denoted as pdf, to represent its probability distribution, and we have ∫X.urX.pdf(x)d x=1 .

3.2. Problem definition

To define the range query based on the uncertain data model, we need to introduce the following definition.

Definition 1. Given a d-dimensional rectangle R={[R. l1,R.u1], [R. l2,R.u2],…, [R. ld,R.ud]} and an uncertain object X, if X is
associated with continuous probability distribution (X.pdf(x)), the probability P X

R of X residing in R is

P X
R ¼ ∫R∩X:urX:pdf xð Þdx ð1Þ

If X is associated with discrete probability distribution X:pmf xð Þð Þ; P X
R is

P X
R ¼

XX:m
j¼1

ϕ x j½ �;Rð Þ ⋅ X:pmf x j½ �ð Þ ð2Þ

Table 2
Symbols.

Symbol Meaning

X An uncertain object.
H The number of buckets in histograms.
Si
X The histogram of probabilities of X in dimension i.
RQ The query range of a TPR query.
PQ The threshold of a TPR or TPS query.
ε The tolerance distance of a TPS query.
P X

R The probability of X residing in a rectangle R.
P X

S The probability of X being ε-similar to the uncertain query object Q.
SIP(X , i) The probability of X residing in the query range in dimension i.
SIP X; ið Þ The upper bound of probability of X residing in the query range in dimension i.
ŜX
i Wavelet coefficients for X's histogram in dimension i.
˜SXi A bound version of ˆSXi .
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where

ϕ x j½ �;Rð Þ ¼ 1 if x j½ �i∈ R:li;R:ui½ �; f or all i ¼ 1;2;…; d;
0 otherwise

�
ð3Þ

The range query on uncertain objects is defined as follows.

Definition 2. Probabilistic range (PR) query

Given a set DB of uncertain objects and a d-dimensional rectangle RQ, find every uncertain object X in DB that has a positive
probability of residing in RQ (i.e., P X

R>0).

Usually, we are only interested in objects with P X
R greater than a threshold, so we further define the threshold PR query as

follows.

Definition 3. Threshold probabilistic range (TPR) query

Given a set DB of uncertain objects, a d-dimensional rectangle RQ and a threshold PQ (0≤PQ≤1), find every uncertain object X
in DB whose probability of residing in RQ is greater than PQ (i.e., P X

R > PQ ).

To define the similarity query on the uncertain data model, we need to introduce the concept of ε-similarity between a certain
object x and an uncertain object Q as follows.

Definition 4. ε-Similarity between a certain object and an uncertain object

Given an uncertain object Q and a tolerance distance εi (εi>0) for each dimension i, if Q is associated with continuous
probability distribution (Q.pdf(q)), the probability of a certain object x= 〈x1,x2,…,xd〉 being ε-similar to Q is

θ x;Qð Þ ¼ ∫
Q :ur

δ x; qð Þ ⋅ Q :pdf qð Þdq ð4Þwhere

δ x; qð Þ ¼ 1 if qi−xij j≤εi f or all i ¼ 1;2;…;d;
0 otherwise

�
ð5Þ

If Q is associated with discrete probability distribution (Q.pmf(q)), the probability of x being ε-similar to Q is

θ x;Qð Þ ¼
XQ :m

j¼1

δ x; q j½ �ð Þ ⋅ Q :pmf q j½ �ð Þ ð6Þ

where δ(,) is the same as defined in Eq. (3).

The function δ means that we only consider x similar to a value q of Q if the difference between q and x is less than a tolerance
distance εi in every dimension i. The smaller εi is, the more strict the similarity definition is.

Now we can introduce the definition of ε-similarity between two uncertain objects.

Definition 5. ε-Similarity between two uncertain objects

Given an uncertain query object Q and a tolerance distance εi (εi>0) for each dimension i, if an uncertain object X is associated
with continuous probability distribution (X.pdf(x)), the probability of X being ε-similar to Q is

P X
S ¼ ∫X:urθ x;Qð Þ⋅X:pdf xð Þdx ð7Þ

If X is associated with discrete probability distribution (X.pmf(x)), the probability of X being ε-similar to Q is

P X
S ¼

XX:m
j¼1

θ x j½ �;Qð Þ ⋅ X:pmf x j½ �ð Þ ð8Þ

Fig. 1 shows an example of how to compute P X
S of uncertain objects in 2-dimensional space. Both Q and X have discrete

probability distributions. Object Q has three possible values q[1], q[2] and q[3] with the probabilities of 0.5, 0.1 and 0.4,
respectively. Object X has two possible values x[1] and x[2] with the probabilities of 0.3 and 0.7, respectively. For each possible
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value of Q, e.g., q[1], we obtain a range R1 centered at q[1] with the side length of 2εi in dimension i (c.f. Fig. 1(a)). Then we find all
the possible values of X enclosed by R1, which are x[1] and x[2]. Similarly for q[2], we find all the possible values of X enclosed
by R2 centered at q[2], which is x[2]. For q[3] (c.f. Fig. 1(b)), none of the possible values of X is in R3. Therefore,
P X

S ¼ 0:5� 0:3þ 0:7ð Þ þ 0:1� 0:7 ¼ 0:57.
Now we can define the similarity query on uncertain objects.

Definition 6. Probabilistic ε-similarity (PS) query

Given a database DB, a similarity query with an uncertain query object Q and a tolerance distance εi (εi>0) for each dimension
i, find every uncertain object X in DB that has a positive probability of being ε-similar to Q (i.e., P X

S > 0).

Usually, we are also only interested in objects withP X
S greater than a threshold, so we further define the threshold PS query as

follows.

Definition 7. Threshold probabilistic ε-similarity (TPS) query

Given a database DB, a similarity query with an uncertain query object Q, a tolerance distance εi (εi>0) for each dimension i
and a threshold PQ (0≤PQ≤1)), find every uncertain object X in DB whose probability of being ε-similar to Q is greater than PQ
(i.e., P X

S > PQ).

The PR query and the PS query are special cases of the TPR query and the TPS query, respectively. Therefore, we only present
algorithms for TPR and TPS queries.

4. The DuoWave index

We describe the DuoWave index in this section. The DuoWave index is a compression of the original data file. The compression
consists of three steps: (i) approximating uncertain objects' probability distributions using histograms, (ii) performing wavelet
transform on the histograms, and (iii) selecting only some important dimensions to be kept in the DuoWave index. The details of
these steps are given as follows.

4.1. Approximating probability distribution

We aim to accommodate data with arbitrary distribution. Accurate representation of an arbitrary distribution may take the
form of a complex set of segmented functions for a continuous distribution or a large number of possible values and their
probabilities for a discrete distribution. Such precise probability distribution is space consuming and we use histograms to
approximate it.

When dimensionality is high, the space requirement of histograms for a multidimensional probability is prohibitive because
the number of histogram buckets grows exponentially with dimensionality. Therefore, we choose to represent a projected
probability distribution per dimension rather than as a joint (multidimensional) probability distribution. Note that although we
approximate the probability distribution per dimension, as we will see in Section 5 and Section 6, during query processing we
develop techniques to compute the information of the joint probability distribution based on these projected probability
distributions. This further distinguishes our work from [19].

Two types of histogram, equi-width histogram and equi-depth histogram, can both be used here to approximate the
probability distributions of uncertain objects.

(a) (b)

Fig. 1. ε-Similarity between two uncertain objects.
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If an equi-width histogram is used, for an uncertain object Xwith either continuous or discrete probability distribution, in each
dimension, we uniformly divide the extent of X.ur into H buckets and compute a histogram for the probabilities of X being in these
buckets. Then we denote a histogram in dimension i by a probability sequence Si

X={pi, 0,pi, 1,…,pi,H−1}. Fig. 2 shows an example
of a probability density function or a probability mass function being approximated by the histogram S1

X={0.07,0.05,0,
0.2,0.1,0.1,0.3,0.18}. The equi-width histogram is very easy to use. However when the probability distributions of objects are
highly skewed, equi-width histogram may be ineffective. For example, in worst cases, one bucket may contain nearly 100% of the
objects, and the sum probability of all other buckets is negligible.

An equi-depth histogram is known to work better than an equi-width histogram for highly skewed data. If an equi-depth
histogram is used, for an uncertain object Xwith either continuous or discrete probability distribution, in each dimensionwe divide
the extent of X.ur intoH buckets in away that the probabilities of X being in these buckets are exactly the same and equal to 1

H. Then
we denote a histogram in dimension i by a width sequence Wi

X={wi, 0,wi, 1,…,wi,H−1}, where wi, j is the width of the (j+1)th

bucket.
However note that for an uncertain object X with discrete probability distribution, a pure equi-depth histogram may be not

feasible, because having exactly the same “portion” of X in each bucket is impossible in some cases. Consider an uncertain object X
with X.m possible values. If each possible value of X has equal probability and X.m is a prime number, in each dimension there is
no way to partition X into H buckets so that each bucket contains exact 1

H “portion” of X, unless H is equal to 1 or X.m. An intuitive
way to deal with such cases is to build a histogram that minimizes the probability difference between largest and smallest bucket,
which are the buckets with the maximum and minimum probability of X, respectively. Let pi,max denote the maximum probability
of such a histogram. To avoid false negatives in the answer, within DuoWave, we assume that all these H buckets contain pi,max

“portion” of X. Then we denote the equi-depth histogram in dimension i by a width sequence Wi
X and the maximum probability

pi,max. However this way can easily cause overestimation of the probabilities since the sum probability of these buckets is larger
than 1. Furthermore, the time cost to compute an equi-depth histogram is much higher than an equi-width histogram.

Both types of histograms have advantages and disadvantages. In the rest of the paper we focus on equi-width histogram for its
simplicity and easy use for uncertain objects with either continuous or discrete probability distribution. For equi-depth
histograms, we give brief description of how to extend the way of handling equi-width histograms to handle it and leave detailed
investigation as future work.

4.2. Compression with wavelet transform

To further compress data, we perform the Haar wavelet transform on the histogram sequences and then cut off less important
wavelet coefficients.

As stated above, in this subsection we mainly focus on the probability sequences (SiX) resulted in approximating probability
distributions with equi-width histograms. We use an example to illustrate how the wavelet transform works. Full details of the
wavelet transform can be found in textbooks such as [38]. Consider the probability sequence S1

X given in the previous subsection.
The first step is to average the values pairwise and obtain a sequence of half the original length: {0.06,0.1,0.1,0.24}, which is a
coarser-resolution version of the original sequence. The difference between the two values in each pair (the first minus the
second) divided by 2 is stored as a coefficient, so we have four coefficients [0.01,−0.1,0,0.06]. The number of coefficients (which
is the same as number of values in the resultant sequence) is called the resolution. Next, the above process is applied recursively
on the resultant sequence until reaching resolution 1. Then we obtain the decomposition of S1X as shown in Table 3. The resolution
1 sequence (which is the average of the whole sequence) together with all the coefficients is the Haar wavelet transform of the

original sequence. The wavelet transform (we omit “Haar” in the remainder of the paper) of S1X, denoted as ŜX1 ĉ1;0;…; ĉ1;7
� �

, is
{0.125,−0.045,−0.02,−0.07,0.01,−0.1,0,0.06}. It can be represented by a coefficient tree as shown in Fig. 3.

Fig. 2. Approximating probability distribution.
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The internal nodes represent coefficients and leaf nodes represent elements in the original sequence. We can derive the values
of the leaf nodes from the internal nodes. A coefficient ĉi;m only affects the values of the leaf nodes in its subtree, and we call such
leaf nodes the affected leaf nodes of ĉi;m. For the example in Fig. 3, p1, 4,p1, 5,p1, 6,p1, 7 are the affected leaf nodes of ĉ1;3. A coefficient
ĉ i;m affects its left and right subtree in the following way. The value of ĉi;m is added to (subtracted from) its corresponding
sequence element in the same resolution to derive the coefficients in ĉi;m's left subtree (right subtree). For the example in Fig. 3,
ĉ1;3, the second coefficient in resolution 2 is added to (subtracted from) 0.17, the second sequence element of resolution 2, to
derive the third (fourth) sequence element of resolution 4. This relationship is described formally by the following Lemma.

Lemma 1. Let leaves ĉi;m
� �

be the affected leaf nodes of a coefficient ĉi;m, LSm (RSm) be ĉi;m's left (right) son. ĉi;m affects the value of its
affected leaf node pi, j in the following way. If the value of ĉi;m changes to ĉ′ i;m Δm ¼ ĉ ′i;m−ĉ i;m

� �
, then the value of pi, j changes to

p′ i;j ¼
pi;j þ Δm if pi;j∈leaves LSmð Þ
pi;j−Δm if pi;j∈leaves RSmð Þ

�
ð9Þ

Compression based on wavelets is achieved by omitting insignificant coefficients. To determine which ones are insignificant,
the coefficients are first normalized, since the coefficients in higher levels of the tree (i.e., of lower levels of resolutions) carry
more information than the ones in lower levels of the tree [38]. The normalization is usually performed as follows. A coefficient at

level L is divided by
ffiffiffiffiffi
2L

p
, with level 1 starting from the root of the tree. After normalization,bSX1 becomes {0.088, −0.032, −0.01,

−0.035, 0.004, −0.035, 0, 0.021}. The normalized coefficients with absolute values no higher than a threshold Ta are omitted. If
Ta=0.005, then ĉ1;4 (0.004) and ĉ1;6 (0) are omitted. Further, we can always omit storing ĉ i;0 since it is the average of all
probabilities, which can be computed as 1/H. We use a bitmap called coe-bitmap to indicate omitted coefficients, with 0s in the jth

bit indicating the jth coefficient omitted. For the above example, the coe-bitmap is 01110101. We refer to the remaining wavelet
coefficients as the abridged wavelet coefficients.

4.2.1. Extension to equi-depth histograms
If equi-depth histograms are used, compressing the width sequences can be done in exactly the same way as compressing the

probability sequences described above. In particular, we perform wavelet transform on each width sequence Wi
X and getbWX

i .

Then we normalizebWX
i and omit all coefficients inbWX

i with absolute values no more than a threshold Ta. At lastWi
X is represented

with a coe-bitmap, a threshold Ta and a set of abridged wavelet coefficients.

Table 3
Haar wavelet transform.

Resolution Averages Coefficients

8 {0.07 ;0.05;0;0.2;0.1 ;0.1;0.3;0.18}
4 {0.06,0.1,0.1,0.24} [0.01,−0.1,0,0.06]
2 {0.08,0.17} [−0.02,−0.07]
1 {0.125} [−0.045]

Fig. 3. An example of a coefficient tree.
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4.3. Dimension selection

A dimension with no wavelet coefficients stored can be viewed as having a histogramwith only one bucket and the probability
of 1 in the bucket. We use a bitmap called dim-bitmap to indicate the abridged wavelet coefficients of which dimensions are
stored. To further compress the data, we select the abridged wavelet coefficients of the most important dimensions to store. Two
strategies for selecting the most important dimensions are described below.

The first strategy is to compare the extent of the uncertain region of an uncertain object in every dimension. If the extent in a
dimension is small, it is not so beneficial to further partition the extent into buckets for a histogram. Therefore, the abridged
wavelets in dimensions with large uncertain region extents are more important. Consider a 2-dimensional example object X, with
X.ur={[0.3,0.8], [0.7,0.8]} and a uniform probability distribution. Given a query range RQ, let p1 and p2 be the “portion” of X that
intersects RQ in dimension 1 and dimension 2, respectively. Given the same circumstances that the lengths of intersection of RQ
and X.ur in both dimensions are the same, we have p1bp2 since the extent of X in dimension 2 is smaller than the extent of
dimension 1. Therefore if we were to keep abridged wavelet coefficients of only one dimension, those of dimension 1 would be
chosen, because approximating p2 with 1 brings less overestimation than approximating p1 with 1.

The second strategy is to compare the number of the abridged wavelet coefficients from each dimension. Note that one
essential feature of our proposal is that the size of DuoWave should be much smaller than the original data file. Therefore,
preference is given to dimensions with fewer abridged wavelet coefficients since these dimensions consume less space. In our
implementation, we use the first strategy to select the dimensions and the second strategy to break ties.

4.4. Summary

Fig. 4 shows the final compressed version of a 2-dimensional example object. This compressed version is called the uncertain
object's DuoWave index entry. The DuoWave index is formed by the DuoWave index entries of all the uncertain objects stored in the
same order as the uncertain objects are stored in the original data file. In addition, we store some global information such asH and Ta.

4.5. Insertion, update and deletion

Inserting an uncertain object X is straightforward. We simply add the index entry of X to the end of the DuoWave file. To
update an object X, we find the index entry of X and update it with the new index entry. To delete an uncertain object X, we first
find the index entry of X in DuoWave, delete the index entry and mark the left space as free. To avoid too much space of DuoWave
occupied by free entries, we periodically fill up the free entries by moving forward index entries behind them.

5. Processing TPR queries

In this section, we present the algorithm for processing TPR queries based on DuoWave. The algorithm follows a filter-and-
refine strategy. We first scan the DuoWave index and filter out unqualified objects using upper bounds derived from the index. A
small set of candidate objects remains after the filtering step and we then check these candidate objects in the original data file to
determine the final answer.

A TPR query specifies a query range RQ and a probability threshold PQ. In the filter phase, we scan the DuoWave index entries
one by one. For an uncertain object X, its index entry contains its uncertain region X.ur. If X.ur does not intersect RQ, Xmust not be
an answer and we can safely discard it. If X.ur intersects RQ, we use the information in the index entry to derive an upper bound of
the probability of X being in RQ, denoted as P X

R . If P
X
R bPQ , X cannot be an answer and we can discard it; otherwise, X may be an

answer and its ID is put in a candidate set. Then in the refine phase, we retrieve the precise values of each candidate object from
the original data file and conduct the exact computation to decide which ones are really in the answer set. Note that the uncertain
object IDs in the candidate set are in the same order as they are in the original data file. This makes the retrieval of the uncertain
objects efficient due to sequential access.

In what follows, we discuss the most important part of the algorithm, i.e., how to use an index entry to derive an upper bound
P X

R that is as tight as possible. Note that we propose a bound that is tight in its current form of one-dimensional value. It is
possible to have a tight bound in the form of multi-dimensional vector on the joint probability distribution of the uncertain
objects, which may have even stronger pruning power. However storing/processing joint probability distribution may bring

Fig. 4. Index entry of an uncertain object with continuous probability distribution.
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considerable extra storage and CPU cost into the filter phase. There should be a trade-off between the increased CPU and I/O cost
in the filter phase and the decreased cost of uncertain object accesses in the refine phase if a multi-dimensional bound is driven.
We defer the full investigation of such a possible multi-dimensional bound as future work.

As stated in Section 4.1, we focus on deriving the upper bound P X
R for DuoWave that adopts equi-width histograms to

approximate the objects' probability distributions, in Sections 5.1, 5.2 and 5.3. We describe a brief solution of deriving the upper
bound for the approach utilizing equi-depth histogram in Section 5.4.

5.1. Deriving upper bound from histograms

When an equi-width histogram is used in DuoWave to approximate the probability distribution of uncertain objects in each
dimension, we can derive an upper bound of the probability of X being in RQ based on the histogram in each dimension as follows.
For X.ur to intersect RQ, X.ur must intersect RQ in all dimensions. Let {pi, ji,pi, ji+1…,pi, j′i} denote the probabilities in the buckets
intersected by RQ in dimension i, and let SIP(X, i) denote the sumof these probabilities, i.e.,SIP X; ið Þ ¼ ∑j′ i

j¼ji
pi;j for dimension i. Fig. 5

shows an example. In dimension 1, the probabilities in buckets intersected by RQ are {p1, 4,…,p1, 7}, then SIP X;1ð Þ ¼ ∑7
j¼4 p1;j.

Similarly SIP X;2ð Þ ¼ ∑7
j¼3 p2;j.

Let the actual probability of X being in RQ be P X
R . Then we have Lemma 2.

Lemma 2. mini=1
d SIP(X, i) is a tight upper bound of P X

R .

Proof 1. First, we prove thatmini=1
d SIP(X, i) is an upper bound of P X

R , which is the percentage of possible values of X being in RQ.
For any of these possible values of X to be in RQ, this value has to be in the extent of RQ in every dimension. Therefore, there are at
least P X

R of X's possible values in RQ in every dimension, which means that SIP X; ið Þ≥P X
R holds for every dimension. Therefore,

mind
i¼1 SIP X; ið Þ≥P X

R .

Second, we prove that mini=1
d SIP(X, i) is a tight bound of P X

R , because there exists a case for which P X
R ¼ mind

i¼1 SIP X; ið Þ. In
particular, we can always construct a query RQ and an uncertain object X that makes P X

R reach the value of mini=1
d SIP(X, i) in the

following way. Let im be the dimension that has the mini=1
d SIP(X, i). Let RQ be {[R. l1,R.u1],…, [R. ld,R.ud]}. For any point x in the

buckets that intersect RQ in dimension im, let x satisfy x∈RQ. In other words, any point in the intersected buckets of dimension im
satisfies RQ in all dimensions. Therefore, there is at least a mini=1

d SIP(X, i) “portion” of X satisfying RQ. The example in Fig. 5
illustrates such a query and an uncertain object, where the probability distribution of X is represented by 10 possible values, each
with the same probability 0.1. In this example, SIP X;1ð Þ ¼ ∑7

j¼4 p1;j ¼ 0þ 0:1þ 0:3þ 0:2 ¼ 0:6 and SIP X;2ð Þ ¼ ∑7
j¼3 p2;j ¼ 0:7.

Dimension 1 has the mini=1
d SIP(X, i) which is 0.6. Every point that satisfies RQ in dimension 1 satisfies RQ. For a query and a data

uncertain object that satisfies the above description, since we know that there is at leastmini=1
d SIP(X, i) portion of X in RQ,P X

R is at
least mini=1

d SIP(X, i). On the other hand, mind
i¼1 SIP X; ið Þ≥P X

R . Therefore, P
X
R ¼ mind

i¼1 SIP X; ið Þ.

Because there exists a case for whichP X
R ¼ mind

i¼1 SIP X; ið Þ andmini=1
d SIP(X, i) is no less thanP X

R all the time,mini=1
d SIP(X, i) is

a tight bound of P X
R .

5.2. Deriving upper bound from abridged wavelet coefficients

In DuoWave, we do not store the probability histograms but abridged wavelet coefficients on the histograms, so we can't
compute the exact value of SIP(X, i) of each dimension (since we do not have the histograms directly). However, based on the
abridged wavelet coefficients, we can derive an upper bound of SIP(X, i) for each dimension i, denoted as SIP X; ið Þ. Then we can use
mind

i¼1 SIP X; ið Þ as P X
R , the upper bound of P X

R . Next, we show how to derive SIP X; ið Þ for each dimension.
If there are no wavelet coefficients stored for a dimension, SIP X; ið Þ of that dimension i is the largest possible value 1.

Otherwise, we derive SIP X; ið Þ from the abridged wavelet coefficients of dimension i through the following two steps.

Fig. 5. A 2-dimensional example of TPR query.
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Step 1 Recall that we obtain the abridged wavelet coefficients by omitting ĉi;0 and the normalized coefficients with absolute

values no greater than Ta from
^SXi . The first step is to restore a bound version (denoted by ˜SXi ) of

^SXi as follows: (i) replace

ĉ i;0 by 1/H and (ii) replace other omitted coefficients by the value range −Ta

ffiffiffiffiffi
2L

ph
, Ta

ffiffiffiffiffi
2L

p
�, where L is the level of the

omitted coefficient in the coefficient tree (note that the threshold is applied on the normalized coefficient but we store the
unnormalized coefficients). Continue the example in Section 4.2. The abridged coefficients are {⁎,−0.045,−0.02,
−0.07,⁎,−0.1,⁎,0.06}, where * denotes an omitted coefficient indicated by the coe-bitmap. We know H=8, so ĉ1;0=

1/8=0.125; Ta=0.005 and L=3 for ĉ1;4 and ĉ1;6, so ĉ1;4
�� ��; jĉ1;6j≤ 0.005�

ffiffiffiffiffi
23

p
≈ 0.014. Then ˜SXi ¼ {0.125,−0.045,−0.02,

−0.07, [−0.014,0.014],−0.1, [−0.014,0.014],0.06}.
Step 2 The second step is to derive the upper bound of SIP(X, i) from S̃Xi . From all possible^SXi bounded by S̃Xi , we try to find an^SXi

corresponding to an Si
X that maximizes SIP(X, i). Towards this end, we first analyze the effect of an omitted coefficient ĉi;m

(in^SXi ) on SIP(X, i). According to Lemma 1, ĉi;m affects its affected leaf nodes in its left (right) subtree by adding
(subtracting) the value of ĉi;m. Let lcnt (rcnt) be the number of probabilities that are in both ĉi;m's left subtree (right

subtree) and pi;ji ;…;pi;j′ i

n o
. Then the effect of an omitted coefficient ĉi;m (in ^SXi ) on SIP(X, i) is as described in Lemma 3.

Lemma 3. Given a TPR query bRQ,PQ>, in dimension i a coefficient ĉi;m affects SIP(X, i) in the following way. If the value of ĉi;m
increases by Δm, then SIP(X, i) changes to SIP(X, i)′, where

SIP X; iÞ′ ¼ SIP X; ið Þ þ Δm⋅ lcnt−rcntð Þ
	

ð10Þ

Proof 2. Let the probabilities in ĉ i;m's affected leaf nodes be pi;ki ; pi;kiþ1;…; pi;k′i

n o
. Let LS(RS) denote the set of probabilities that are

in both ĉi;m's left subtree (right subtree) and {pi, ji,…,pi, j′i}. Then

LS ¼ pi;ki ;…; p
i;
ki þ k ′

i−1
2

8><>:
9>=>;∩ pi; ji ;…;pi; j′i

n o

¼ pi;max ki ; jið Þ;…; p
i;min

ki þ k ′
i−1

2
; j′i

 !
8>>><>>>:

9>>>=>>>;;

RS ¼ p
i;
ki þ k ′

i þ 1
2

;…;pi;k′i

8><>:
9>=>;∩ pi; ji ;…;pi; j′i

n o

¼ p
i;max

ki þ k′i þ 1
2

; ji

 !;…;pi;min k′i ; j
′
ið Þ

8>>><>>>:
9>>>=>>>;

ð11Þ

By our notation, lcnt=|LS| and rcnt=|RS|. The (lcnt+rcnt) elements in LS∪RS are the only probabilities in SIP(X, i) that are affected
by ĉi;m. Based on Lemma 1, we know that when ĉi;m increases by Δm, the sum of the probabilities in LS,∑pi;j∈LS pi;j, changes to

∑pi;j∈LSpi;j

	 

′ ¼ ∑

min
ki þ k′i−1

2
; j ′i

 !
j¼max ki ;jið Þ p′i; j ¼ ∑

min
ki þ k′ i−1

2
; j ′i

 !
j¼max ki ;jið Þ pi;j þ Δm

	 


¼ ∑
min

ki þ k′i−1
2

; j ′i

 !
j¼max ki ;jið Þ pi;j þ Δm⋅lcnt ¼ ∑pi;j∈LS pi;j þ Δm⋅lcnt

ð12Þ

Similarly, the sum of the probabilities in RS changes to

∑pi;j∈RSpi;j
	 


′ ¼ ∑pi;j∈RSpi;j−Δm⋅rcnt ð13Þ
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Then the value of SIP(X, i) changes to

SIP X; ið Þ′ ¼ ∑pi;j∈LS pi;j
	 


′ þ ∑pi;j∈RS pi;j
	 


′ þ ∑
pi;j∈ pi;ji ;…;pi;j′ i

n o
−LS∪RS

	 
pi;j
0@ 1A′

¼ SIP X; ið Þ þ Δm⋅ lcnt−rcntð Þ: ð14Þ

Based on Lemma 3, if lcnt=rcnt, the value of ĉ i;m has no effect on SIP(X, i), so we can simply set ĉi;m to 0. Otherwise, let
cma ¼ Ta

ffiffiffiffiffi
2L

p
where L is the level of ĉ i;m in the coefficient tree. The minimum and maximum values of ĉi;m are −cma and cma,

respectively. If lcnt>rcnt, SIP(X, i) increases as ĉ i;m increases, so letting ĉi;m be its maximum value cma maximizes SIP(X, i). If
lcntb rcnt, SIP(X, i) decreases as ĉi;m increases, so letting ĉ i;m be its minimum value cma maximizes SIP(X, i).

After setting all the omitted coefficients in the above way, we obtain an^SXi and denote it by^SXi m . We can restore a histogram

from^SXi m through the reverse wavelet transform and let us denote it by SXi m. Then we compute the sum of the probabilities in

SXi m's buckets intersected by RQ in dimension i and let us denote this sum as SIP(X, i)m. Then SIP(X, i)m is used as the upper bound of

SIP(X, i), denoted as SIP X; ið Þ. The detailed steps for computing SIP X; ið Þ are given in Algorithm 1. We can prove that:

Lemma 4. SIP X; ið Þ is a tight upper bound of SIP(X, i).

Proof 3. From the derivation of SIP X; ið Þ, we know that it upper bounds SIP(X, i). Next we use a similar method used in Lemma 2
to prove that SIP X; ið Þ is a tight upper bound of SIP(X, i).

In particular, we prove that there exists a case for which SIP(X, i) can reach SIP X; ið Þ. We can construct a query RQ and a data
object X that makes SIP(X, i) reach the value of SIP X; ið Þ in the following way. For simplicity, we assume that the number of
buckets, H, is a power of 2. Let each of the first H

2 probabilities of SiX be 4
5H, and each of the second H

2 probabilities of SiX be 6
5H, i.e.,

pi;j ¼ 4
5H for j ¼ 0;1;…; H2 −1 and pi;j ¼ 6

5H for j ¼ H
2 ; H2 þ 1;…; H−1, so SXi ¼ 4

5H ;…; 4
5H ; 6

5H ;…; 6
5H

� �
. Let RQ intersect with the second

H
2 buckets of X in dimension i, so RQ intersects ∑H−1

j¼H
2
pi;j ¼ 0:6 “portion” of X. Then SIP(X, i)=0.6.

We perform wavelet transform on Si
X and obtain^SXi ¼ f 1

H ;− 1
5H ;0;0;…;0g. Since pi, 1 becomes − 1

5
ffiffi
2

p
H
after normalization, if we

choose Ta ¼ 1
5
ffiffi
2

p
H
and cut off less important wavelet coefficients, we have no coefficients left and H 0 bits in coe-bitmap. Then we use

Algorithm1 to derive the upper bound of SIP(X, i). First, we restore^SXi m as follows. ĉ i;0 is set to the average 1
H. For ĉ i;1,cma ¼ 1

5H; the number
of buckets intersected with the RQ in ĉ i;1's left subtree and right subtree are lcnt=0 and rcnt=4, respectively. Since rcnt> lcnt, we set
ĉ i;0 ¼ −cma ¼ − 1

5H. For all other coefficients, lcnt=rcnt, so we set all of the other coefficients to 0. Thus we have
^SXi m ¼ 1

H ;− 1
5H ;0;0;…;0

� �
. Second, we perform reverse wavelet transform on^SXi m and get SXi m ¼ 4

5H ;…; 4
5H ; 6

5H ;…; 6
5H

� �
, which is

the sameas the original histogram Si
X. Finally,we compute the sumof the probabilities of inSXi m's buckets intersected byRQ in dimension i,

which is∑H−1
j¼H

2
pi;j ¼ 0:6, and this value is returned as the value of SIP X; ið Þ. In the above example, SIP X; ið Þ ¼ 0:6 ¼ SIP X; ið Þ.

Because there exists a case for which SIP X; ið Þ ¼ SIP X; ið Þ and SIP X; ið Þ upper bounds SIP(X, i) all the time, SIP X; ið Þ is a tight
bound of SIP(X, i).

5.3. Whole process of computing upper bound

From the abridged wavelet coefficients, we can compute SIP X; ið Þ for each dimension i using Algorithm 1. Then we take the
minimum SIP X; ið Þ among all dimensions as the upper bound ofP X

R , i.e.,mind
i¼1 SIP X; ið Þ is used asP X

R in the range query algorithm
to prune unqualified objects. We can prove that this bound is tight.

Theorem 1. mind
i¼1 SIP X; ið Þ is a tight upper bound of P X

R .

Proof 4. Based on Lemma 4, SIP X; ið Þ≥SIP X; ið Þ for every dimension i. Based on Lemma 2, SIP X; ið Þ≥P X
R for every dimension i.

Therefore, SIP X; ið Þ≥P X
R for every dimension i, and so mind

i¼1 SIP X; ið Þ≥P X
R .

Now we prove that mind
i¼1 SIP X; ið Þ is a tight upper bound of P X

R . We can always construct a query RQ and an uncertain data
object X that makeP X

R reach the value ofmind
i¼1 SIP X; ið Þ in the following way. Basically, RQ and X need to satisfy the descriptions of

the counter-examples constructed in Lemma 2 and Lemma 4 at the same time. Let im be the dimension that has themini=1
d SIP(X, i).

Let RQ={[R. l1,R.u1],…, [R. ld,R.ud]} intersect with the second H
2 buckets of X in dimension im. In dimension im, let the

probabilities in the first H
2 buckets all be 4

5H and the probabilities in the secondH
2 buckets all be

6
5H. In addition, let any point x of X in

the second H
2 buckets in dimension im be in RQ in all dimensions. The above described RQ and X satisfies the descriptions of the

counter-examples in the proofs of both Lemma 2 and Lemma 4. Therefore, P X
R reaches the bound mini=1

d SIP(X, i) which equals
SIP(X, im) and SIP(X, im) reaches the bound SIP X; imð Þ. As a result, P X

R reaches the value of mind
i¼1 SIP X; ið Þ.
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Since there exists a case for which P X
R ¼ mind

i¼1 SIP X; ið Þ andmind
i¼1 SIP X; ið Þ ≥P X

R all the time,mind
i¼1 SIP X; ið Þ is a tight bound

of P X
R .

Algorithm 1. ComputeUPSIP(i, R. li, R.ui)

5.4. Extension to equi-depth histogram

Recall that if equi-depth histogram is used to approximate the probability distribution of an object X, we represent the
histogram of each dimension i with a width sequence Wi

X and a maximum probability pi,max. In dimension i, let bucket ji and
bucket j′i be the first and last buckets intersected by RQ, SIP(X, i)=pi,max ⋅(j′i− ji+1). Then mini=1

d SIP(X, i) becomes the upper
bound of P X

R .
Since in DuoWave we do not store the width histogram but abridged wavelet coefficients on the histogram, we have to derive

an upper bound of SIP(X, i) (denoted as SIP X; ið Þ) for each dimension i by deriving the lower and upper bounds for ji and j′i,
respectively. In particular, we derive the lower (upper) bound for ji ( j′i) through the following two steps. Step 1: We restore a
bound version of bWX

i . Step 2: We choose a value for each omitted coefficient in a way that after reverse wavelet transform the
value of ∑ji−1

j¼0 wi;j (∑H−1
j¼j′ iþ1

wi;j) is minimized and get the wavelet coefficients^WX
i m . Then we restore a histogram through the

reverse wavelet transform based on^WX
i m and get a width sequenceWX

i m. Then the lower (upper) bound of ji (j′i) is the maximum

(minimum) integer satisfying X:li þ∑ji−1
j¼0 wi;j≤R:li (X:ui−∑H−1

j¼j′ iþ1
wi;j≥R:ui).

After deriving the lower bound of ji and upper bound of j′i, we have SIP X; ið Þ. Then we take the minimum SIP X; ið Þ among all
dimensions as P X

R . Due to space limits, we leave the description of detailed algorithms and the proof of the correctness and
efficiency of these algorithms as future works.

6. Processing TPS queries

In this section we present the algorithm for processing TPS queries based on the DuoWave, which still assumes a filter-and-
refine paradigm. A TPS query consists of an uncertain query object QbQ.ur,Q.pdf(q)>, a similarity factor ε and a threshold PQ.
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Consider the hyper-rectangle Rext={[Q. l1−ε1,Q.u1+ε1],…, [Q. ld−εd,Q.ud+εd]}, where εi is the tolerance distance of dimension
i. From the definition of the TPS query, it is easy to observe that an uncertain object X's uncertain region must intersect Rext to have
a non-zero probability of being ε-similar to Q. In the filter phase, we check the DuoWave index entries one by one. If X.ur does not
intersect Rext, X must not be an answer and we discard it. If the X.ur intersects Rext, we use the information in the index entry to
derive an upper bound of the probability of X being ε-similar to Q, denoted as P X

S . If P
X
S bPQ , X must not be an answer and we

discard it; otherwise, X may be an answer and its ID is put in a candidate set. Then in the refine phase, we retrieve the precise
values of each candidate object from the original data file, and conduct the exact computation to decide which ones are really in
the answer set. We discuss how to use an index entry of DuoWave to derive an effective upper bound P X

S in Section 6.1.
Please note that a straightforward application of the TPR query algorithm does not work for the TPS query, because the TPS

query requires that X's values not only fall in a certain range, but also follow a certain distribution; the TPR query algorithm can
only help determine whether X satisfies the range requirement, but not the distribution requirement.

If the uncertain query object Q takes a discrete probability distribution, we may exploit the method of deriving the tight bound
for TPR queries to derive a tight bound for the TPS query as follows. View each possible value of Q as the center of a TPR query and
use 2εi as the side length of the TPR query in each dimension i, as shown in Fig. 1. The TPS query becomes a number of TPR queries,
so we can derive the bounds of the probability of an uncertain data object being in each of these TPR queries, and then add these
bounds up (weighted by the probability of each possible value of Q) to obtain a bound of the probability of the uncertain data
object being similar to Q. However, this method is prohibitively expensive when the number of possible values of Q is large.
Moreover, if Q takes a continuous probability distribution, it is impossible to use this method since there are numerous possible
values of Q. Next, we propose a bound which may not be tight, but is much lighter to compute.

6.1. Deriving an upper bound

We try to take advantage of the efficient range query capability provided by the DuoWave index. The basic idea here for
deriving an upper bound for the similarity query is to first relax a multidimensional query predicate (the similarity query) to one-
dimensional predicates, and then each one-dimensional predicate is converted to a form that can exploit the method for deriving
the upper bound of range queries. Due to the space constraint, we only present notions for objects with continuous probability
distribution in this section. However the proposed approach is also adaptable for objects with discrete probability distribution.

We first show how to relax the similarity query to a number of one-dimensional predicates. Consider the following
function

δi x; qð Þ ¼ 1 if qi−xij j≤εi
0 otherwise

�
ð15Þ

This function is a relaxed version of δ(x,q) defined in Eq. (5); δi(x,q) requires that x and q be within the distance of εi in only
one dimension, i.e., dimension i, instead of all dimensions. For a given point q in the uncertain region of Q, it is easy to observe that
δ(x,q) represents a set of x values that is a subset of that δi(x,q) represents. Therefore, for Q and X with continuous probability
distributions, for any dimension i (i=1,2,…,d), we have

P X
S ¼ ∫X:urθ x;Qð Þ⋅X:pdf xð Þdx
¼ ∫Q :ur∫X:urδ x; qð ÞQ :pdf qð ÞX:pdf xð Þdxdq

≤∫Q :ur∫X:urδi x; qð ÞQ :pdf qð ÞX:pdf xð Þdxdq

ð16Þ

Now we have relaxed the similarity probability to d one-dimensional predicates. Next, we show how to convert these one-
dimensional predicates to range queries.

For dimension i, we partition the extent of Q's uncertain region into H equi-width buckets. Denote the boundaries of the fth

bucket as [qli, f,qui, f], where f=0,1,…,H−1. To get the bound of P X
S , we aggregate the similarity of X referred to each part

(bucket) of Q one by one. Continue with Eq. (16), we have

P X
S≤∫Q :ur∫X:urδi x; qð ÞQ :pdf qð ÞX:pdf xð Þdxdq

¼
XH−1

f¼0

∫q∈Q :ur;qi∈ qli;f ;qui;f½ �∫X:urδi x; qð Þ⋅Q :pdf qð ÞX:pdf xð Þdxdq

¼
XH−1

f¼0

∫q∈Q :ur;qi∈ qli;f ;qui;f½ �∫x∈X:ur;xi∈ qli;f−εi ;qui;fþεi½ �Q :pdf qð ÞX:pdf xð Þdxdq

¼
XH−1

f¼0

∫q∈Q :ur;qi∈ qli;f ;qui;f½ �Q :pdf qð Þdq⋅∫x∈X:ur;xi∈ qli;f−εi ;qui;fþεi½ �X:pdf xð Þdx
	 


ð17Þ

for each dimension i.
Note that in Eq. (17), we can compute∫q∈Q :ur;qi∈ qli;f ;qui;f½ �Q :pdf qð Þdq directly. Further observe that∫x∈X:ur;xi∈ qli;f−εi ;qui;fþεi½ �X:pdf xð Þdx

is actually the probability of X being in the range [qli, f−εi,qui, f+εi]; we can use themethod described in Section 5.2 to derive an upper
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bound for this probability from the DuoWave index of X. Then we can obtain an upper bound for P X
S in every dimension i, and the

smallest one among them is used asP X
S , the upper bound for filtering in our algorithm. Details of the algorithm for computingP X

S are
given in Algorithm 2.

Algorithm 2. ComputeSPUB(Q, ε, X)

7. Other types of queries

DuoWave can also support a wide spectrum of query types that may use the range query as a filter. In what follows, we discuss
how DuoWave can be applied to process them.

7.1. Probabilistic dominating queries

A Probabilistic dominating (PD) query returns the objects with positive probability to dominate a given query object. For
example, given the game records of one NBA player, find the players whose performance is sometimes better than him at all
aspects. Usually we are only interested in players with probability to be better than a given player higher than a threshold.
Therefore we have Threshold probabilistic dominating (TPD) queries, which find the objects with probability to dominate a given
query object higher than a threshold PQ.

Note that the PD and TPD queries are different from the probabilistic skyline queries [17]. For an object X being in the skyline, X
must not be dominated by any other object in the database. Also X is an answer of a probabilistic skyline query if it has a
probability to be in the skyline higher than a threshold. Therefore if an object X is an answer of the probabilistic skyline query lies
on other objects in the database. In contrast, if X is an answer of a PD or TPD query is independent of other objects. Moreover, a
probabilistic skyline query does not specify certain query object, while PD and TPD queries do.

For an uncertain query object Q, the TPD query needs to find uncertain objects whose attributes are all no less than the
attributes of Q with high probability. We still use the DuoWave index to compute the upper bound of the probability of each
uncertain object having all attributes no less than Q. Since Q has multiple (or numerous) possible values, the upper bound of the
probability needs to be computed over each possible value of Q and then to be integrated. This is similar to the TPS query
processing and therefore the way to compute the upper bound of the probability for the TPD query is similar to that for the TPS
query. After computing the probability upper bounds, we can use them to filter unqualified objects.

7.2. Top-k probabilistic queries

A top-k probabilistic range (or similarity, or dominating) query (i) consists of a PR (or PS, or PD, respectively) query and a
specified parameter k, and (ii) returns the k uncertain objects with the highest probability to be in a given range (or to be ε-similar
to a given uncertain object, or to dominate a given uncertain object, respectively). Particularly, given an uncertain query object Q
and an integer k, a top-k range (or similarity, or dominating) query retrieves from the DB a set S of k uncertain objects so that for
any object X∈S and any object Y∈DB−S, P X

R≥P Y
R (or P X

S≥P Y
S , or P

X
D≥P Y

D).
To process any type of the top-k probabilistic queries, first we still compute the upper bound of the probability of each

uncertain object being in RQ (or being similar to Q, or dominating Q) based on the DuoWave index. For any uncertain object with
the upper bound of probability greater than 0 (i.e., any uncertain object with any possibility of being in the top-k answers), we put
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them into a list. Then the list of uncertain objects is visited in the original data file one by one and we can compute the actual
probability of an uncertain object being in RQ (or being similar to Q, or dominating Q). We maintain a priority queue for the top-k
candidates as we go through the list. The actual probability of the kth candidate can be used as a threshold to prune objects yet to
check during this process. When we finish the list, the uncertain objects in the top-k candidates form the answer set.

8. Experiments

This section presents the results of our experimental study. All the experiments are run on a desktop computer with 2.66 GHz
CPU and 4 GB RAM. The page size is 4096 bytes. We use both real and synthetic datasets. The real dataset contains technical
statistics of NBA players extracted from www.nba.com. Due to the limited size of the available real data, we extend the dataset in
both dimensionality and cardinality to fully test effects of various parameters. Details of the real data extension, synthetic dataset
generation and query generation are given in Section 8.1.

We first study the behavior of DuoWave and the effects of various parameters in Section 8.2. Then we perform comparative
studies on constructing overhead, query performance of the TPR query and the TPS query in Sections 8.3, 8.4 and 8.5, respectively.
For query performance test we measure the pruning power (the percentage of objects visited in the refine phase), total query
response time as well as the number of disk page accesses (I/O). For every experiment, we run 100 queries and the result
presented is the average of 100 queries.

Note that during all experiments, the DuoWave resides on disk and no buffer is used for it. In addition, during all experiments
we deactivate the operating system buffering to achieve more rigorous test results.

8.1. Generating datasets and queries

8.1.1. Real data
The real dataset is directly extracted from the web site: www.nba.com. It contains up to 480,000 records about 1728 NBA

players from 1991 to 2010. Each record has 8 dimensions including features such as points, rebounds, assists, etc. Each player is
viewed as an uncertain object and the records of players are viewed as the possible values of the object. We derive the uncertain
region and probability distribution for each player (object X) as follows. Suppose X hasm record points. Each record is viewed as a

Table 4
The parameters of DuoWave.

Parameter Meaning Chosen

H The number of histogram buckets 16
ρ The percentage of dimensions that abridged wavelet coefficients are stored in 0.75
Ta Threshold for compressing wavelets 0.01

(a) TPR, objects visited (b) TPR, response time (c) TPR, I/O 

(d) TPS, objects visited (e) TPS, response time (f) TPS, I/O

Fig. 6. Effect of H.
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multi-dimensional possible point. Therefore X.ur is the minimum hyper-rectangle that includes all these points. The probability
distribution of X is represented as m possible points, each associated with a probability 1

m.
In order to fully test the effects of various parameters, we have extended the dataset to larger numbers of objects and higher

dimensionality in the following way. For example, given a player with records of 8 dimensions, to extend dimensionality from 8 to
16, the value of the (i+8)th dimension is generated by multiplying the value of the ith dimension of the original records by a
constant βi (0b i≤8), where βi follows a constrained Gaussian distribution within [0.8,1.2]. Note that βi is used to slightly vibrate
the generated values from the original values. Then we derive the uncertain region and probability distribution in the same way
as described above. To generate more objects, say a new object X′ based on an existing object (player) X, we use a similar idea to
add some variance to the attribute values of X's records to obtain the records of X′ and then derive X′.ur.

8.1.2. Synthetic data
We use three synthetic datasets in independent, correlated and anti-correlated distributions in our experiments. Particularly,

we first generate the center points of uncertain objects using the benchmark data generator described in [39]. Then for each
uncertain object X, we generate 300 points, which follow a normal distribution around its corresponding center point. Using these
points, we derive the uncertain region and probability distribution of each uncertain object X in the same way as described above.

8.1.3. Queries
For TPR queries, the center points of query rectangles RQ of TPR queries follow the same distribution of the dataset itself. The

probability threshold PQ is determined based on the average size of the TPRs to produce a desired average selectivity. For TPS
queries, an uncertain query object is an uncertain object, randomly chosen from the database; ε is a user-specified parameter. The
probability threshold PQ is determined based on the uncertain query object and ε to produce a desired average selectivity in our
experiments.

8.2. Effects of parameters

We first study the behavior of the DuoWave technique by testing the effects of various parameters on its performance. In this
set of experiments, the dimensionality of datasets, selectivity of queries and dataset cardinality are 8, 0.1% and 10,000,
respectively. Table 4 summarizes the values we finally choose for each parameter after studying the behavior of them. These
parameter values are used in the comparative studies in Sections 8.4 and 8.5.

8.2.1. Effect of H
We vary H from 4 to 64 and test both kinds of queries on real and synthetic datasets. The values of ρ and Ta are chosen as 1 and

0, respectively. The test results of the real dataset and all three synthetic datasets are shown in Fig. 6.
For both types of queries on all datasets the improvement of pruning power of DuoWave is enhanced as H increases and then

flattens after H goes beyond 16 as shown in Fig. 6(a) and (d).

(a) TPR, objects visited (b) TPR, response time (c) TPR, I/O

(d) TPS, objects visited (e) TPS, response time (f) TPS, I/O

Fig. 7. Effect of Ta and ρ.
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As shown in Fig. 6(b) and (c), for TPR queries, the total response time and the number of I/Os of all the datasets increase as H
increases. This is because using a larger H means a larger DuoWave index, which leads increased I/O cost. For most common
probability distributions such as continuous probability distribution expressed using a closed-form function, or discrete
probability distribution expressed using a small number of possible values, the computational cost of determining whether an
object is an answer of a TPR query is small. Even though DuoWave with a large H can prunemore objects, the effect of the stronger
pruning power is outweighed by the large I/O cost caused by a large DuoWave index. For TPS queries, the computational cost of
determining whether an object is an answer is higher, so the pruning power is relatively more important. This is why the
response time of TPS queries on all datasets initially decreases because of the increase of pruning power, as shown in Fig. 6(e).
However, when H gets too large, the effect of the stronger pruning power is still outweighed by the larger I/O cost caused by a
larger DuoWave index, and hence the query performance deteriorates after H gets too large (beyond 16 in our experiments). In
our experimental study, we empirically choose 16 as the default value of H for all the remaining experiments based on the results
of the above experiments.

8.2.2. Effect of Ta and ρ
The values of Ta and ρ both directly affect the size of the DuoWave index and the pruning power of the DuoWave index. The

DuoWave index needs to be kept small to retain a quick response time. When we vary Ta, we keep the size of DuoWave at a small
portion (5% in our implementation) of the dataset size by tuning ρ at the same time. The value of Ta affects the number of abridged
wavelet coefficients for each histogram and ρ determines the number of histograms in which the abridged wavelet coefficients
are stored in the DuoWave index. Increasing Ta and decreasing ρ will both decrease the total number of abridged wavelet
coefficients and decrease the size of DuoWave index.

As shown in Fig. 7(a) and (d), for both types of queries when Ta (and ρ) increases, the percentage of objects visited initially
decreases and then increases. Overall, the change is small. Note that increasing Ta means less wavelet coefficients will be stored in
DuoWave for the histogram corresponding to each dimension i, which leads to a less tighter probability upper bound of SIP(X, i)
for that dimension. Therefore given a fixed ρ, a larger Ta leads to a less tighter overall probability upper bound and weaker
pruning power according to our compression scheme. On the other hand, to keep a fixed size of DuoWave, when Ta gets larger, ρ
also becomes larger. A larger ρ means the upper bound of SIP(X, i) of more dimensions will be computed, which leads to a tighter
overall probability upper bound and stronger pruning power when Ta is fixed. There is a tradeoff between the effect of Ta and ρ on
the pruning power of DuoWave. When increasing Ta and ρ together to keep a fixed size of DuoWave, the pruning power varies
very little. Both types of queries considered the best pruning power appears when Ta is in the range [0.01,0.015] and the
corresponding ρ is in ρ.

Fig. 7(b), (c), (e) and (f) shows that the change of the response time and the number of I/Os are both similar to the pruning
power. The overall performance is relatively stable as long as we keep DuoWave at a fixed size. Both types of queries considered,
we use 0.01 and 0.75 as the chosen values of Ta and ρ, respectively in all the remaining experiments.

8.2.3. Summary
To choose parameters of DuoWave, users can start with the parameter H. For datasets in which objects are mostly associated

with continuous probability distribution functions expressed using a closed-form function or discrete probability distribution
function expressed using a small number of possible values, a small size of DuoWave is preferred, so H can be set to values 8 or 16.
Otherwise, users should choose a relatively larger value for H, such as 16 or 32. For cases that users do not know the details about
the datasets, 16 is the recommended value for H.

After setting value for H, the best performance of DuoWave appears when the values of Ta and ρ are around 1
5⋅H and Ta,

respectively. Setting Ta and ρ as 1
5⋅H and 0.75 respectively will make DuoWave provide reasonably good performance.

8.3. Comparison on insertion, update and deletion time

We compare DuoWave with the U-tree and APLA using the real dataset. For each technique, we first insert 30,000 objects. The
insertion time cost is plotted as a function of the number of objects inserted as shown in Fig. 8(a). Then we update all these 30,000

(a) insertion (b) update (c) deletion

Fig. 8. Time, real dataset.
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objects in a random order. The update time cost is shown in Fig. 8(b). Last, the time cost to delete all objects from each index
structure in a random order is shown in Fig. 8(c).As we can see from the results, DuoWave requires the least time to insert, update
and delete objects among the three indexes. Specially, compared to APLA, the time overhead of insertion and update of DuoWave
is even negligible.

8.4. Comparison on TPR queries

For TPR queries, we compare DuoWave with the U-tree, the APLA technique and sequential scan. Specifically, we choose to
compare with APLA-sequential rather than APLA-tree since the R-tree based structure scales badly with dimensionality. Note that
except sequential scan, query processing of all methods in Fig. 9 consists of two steps, which are (i) pruning unqualified objects to
obtain a candidate set with the index structure and (ii) retrieving objects from the data file sequentially. For APLA-sequential, if
the parameters of APLA are set as the same as in the experiments in [9], the size of APLA index is about 20% of the dataset size.
Even if it prunes abundant objects during the first step, the total cost of time and I/Os of APLA are still not good. To make the
comparison fair, we make APLA with almost the same size as DuoWave by (i) letting APLA use 2 line segments (originally 3 line
segments in [9]) (ii) using float form to store the numbers (originally double form in [9]) and (iii) storing APLA of 75%
dimensions in APLA-sequential file. The parameters of DuoWave are set to their chosen values as shown in Table 4. The default
dataset cardinality is 10,000 for all datasets. In this set of experiments, we use the real dataset and all three synthetic datasets.

8.4.1. Dimensionality
We vary the dimensionality of the dataset from 8 to 64. The selectivity of the query is 0.1%. Results are given in Fig. 9. Due to

the constraint of space, the results of the anti-correlated synthetic dataset are omitted in the figure.
As shown by the results, the pruning power of all index techniques decreases as dimensionality of dataset increases. The

pruning power of DuoWave is relatively stable compared with the other two indexes and DuoWave prunes the most objects

(a) Object visited, independent data (b) Response time, independent data (c) I/O, independent data 

(d) Object visited, correlated data (e) Response time, correlated data (f) I/O, correlated data 

(g) Object visited, real data (h) Response time, real data (i) I/O, real data

Fig. 9. TPR queries, effect of dimensionality.
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among all three index techniques. Particularly given the same amount of space, the pruning power of DuoWave is much better
than APLA. DuoWave outperforms all the other techniques in total response time and needs the least numbers of I/Os on all
datasets. For DuoWave, pruning unqualified objects is performed by sequentially scanning the pages of DuoWave. Since the size
of DuoWave is only about 5% of dataset size, the time cost and the number of I/Os of pruning unqualified objects are both very
low. DuoWave can always prune more than about 94% of the objects and the pruning power is stable as dimensionality grows,
which means the cost of retrieving candidate objects from data file is quite small. This explains the almost linear growth in total
number of I/Os and response time as dimensionality grows.

APLA mostly accesses the data sequentially. However, the pruning power of APLA is much worse. This explains why DuoWave
performs better than APLA in both total response time and number of I/Os.

The curves for the U-tree stops at 32 dimensions because the U-tree implementation obtained from the original authors can
accommodate datasets of at most 32 dimensions. The U-tree's performance deteriorates dramatically as dimensionality grows.
We observe up to 80% of the internal nodes of the U-tree visited during the search at worst. The speedup of DuoWave over the U-
tree is up to 30 times (32 dimensional real data). The most costly part of the U-tree method is traversing the tree structure which
incurs considerable number of random accesses. Fig. 9(c), (f) and (i) shows that the U-tree has about 1/4 to 1/3 of the I/Os of
sequential scan. Because a random access is much slower than a sequential access (usually considered at least 10 times slower),
the total response time of the U-tree is much larger than sequential scan.

DuoWave consistently beats sequential scan in all the tests, irrespective of the dimensionality.

8.4.2. Query selectivity
We vary the selectivity of the TPR queries from 0.01% to 1% by changing the value of PQ. Due to the limit of space, we only

present the results of the real dataset in Fig. 10.
DuoWave outperforms other techniques significantly and always beats sequential scan, even when the selectivity reaches 1%,

in which case a large number of objects are visited in the refine phase.
The performance of APLA decreases as the selectivity of TPR queries increases. Based on the results when the selectivity

reaches 1%, on real dataset APLA needs to retrieve up to 20% objects in the refine phase. The response time of APLA grows
evidently as the selectivity increases.

As shown by the results, when the selectivity reaches 1%, the number of I/Os of the U-tree is up to 47% that of sequential scan,
which leads to a much worse response time than sequential scan due to random accesses.

8.4.3. Dataset cardinality
We vary the cardinality from 10,000 to 200,000 objects for all four datasets. The total datasets use up to 34 GB disk space. Due

to limit of space we only present the results of the real dataset in Fig. 11. Again, as shown by the results on all datasets, the
comparative order of the techniques remains the same. DuoWave scales very well as dataset cardinality increases.

(a) Object visited, real data (b) Response time, real data (c) I/O, real data

Fig. 11. TPR queries, effect of dataset cardinality.

(a) Object visited, real data (b) Response time, real data (c) I/O, real data

Fig. 10. TPR queries, effect of selectivity.
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8.5. Comparison on TPS queries

No previous technique addresses the TPS query. We compare DuoWave with the only obvious competitor, sequential scan. The
parameters of DuoWave are set to their chosen values as shown in Table 4. The default dataset cardinality is 10,000 for both real
data and synthetic data. The value of εi is set to be 20% of the extent of the space domain for each dimension i.

8.5.1. Dimensionality
We vary the dimensionality from 8 to 64. Fig. 12(a) shows the number of objects visited in the refine stage of DuoWave for the

TPS queries on all four datasets. As shown in the figure, the pruning power of DuoWave slightly increases as the dimensionality
increases. Fig. 12(b) and (c) shows the response time and the number of I/Os of the independent synthetic dataset and the real
NBA dataset. The results of the other two datasets are omitted due the limit of space. As shown by the results, for all four datasets,
DuoWave is more than 10 times faster than sequential scan for all dimensionalities, and the performance scales very well as
dimensionality grows. Sequential scan has more I/Os on the synthetic datasets than on the real dataset because the synthetic
datasets have larger file size than the real dataset.

8.5.2. Query selectivity
We vary the selectivity of the TPS queries from 0.01% to 1% by changing the value of PQ. The comparative results between

DuoWave and sequential scan are shown in Fig. 13. On all four datasets, the numbers of objects visited in the refine stage, the
response time and the numbers of I/Os of DuoWave increase as the selectivity increases. However, even when the selectivity
reaches 1%, the numbers of I/Os of DuoWave are still less than 10% those of sequential scan; DuoWave is still 9 times faster than
sequential scan in all tests.

8.5.3. Dataset cardinality
We vary the cardinality from 10,000 to 200,000 objects and Fig. 14 shows most of the results. DuoWave always outperforms

sequential scan and the performance scales well with dataset cardinality.

9. Conclusion

In this paper, we have addressed the problem of the curse of dimensionality for uncertain data. Specifically, we proposed an
indexing technique called DuoWave for uncertain objects. We provide novel, efficient, DuoWave-based algorithms to process
probabilistic range queries and similarity queries. We have also shown that DuoWave can support a wide spectrum of other query
types that may use the range query as a filter. Extensive experiments using both synthetic and real datasets show that DuoWave
significantly outperforms state-of-the-art techniques, especially in high-dimensional spaces.

(a) Object visited (b) Response time (c) I/O

Fig. 12. TPS queries, effect of dimensionality.

(a) Object visited (b) Response time (c) I/O

Fig. 13. TPS queries, effect of selectivity.
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There are several directions for future work. First we will investigate in detail the algorithms using equi-depth histograms and
optimizations based on equi-depth histograms. Second, we will explore how to use our index to accommodate other types of
queries on uncertain objects, introduced in Section 7. Third, we will further investigate whether an even tighter bound exists, e.g.,
in the form of a multi-dimensional vector on the joint probability distribution, or when certain knowledge on the data is available.
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