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ABSTRACT
With the rapidly growing availability of vehicle trajectory data,
travel costs such as travel time and fuel consumption can be cap-
tured accurately as distributions (e.g., travel time distributions) in-
stead of deterministic values (e.g., average travel times). We study
a new path finding problem in uncertain road networks, where paths
have travel cost distributions. Given a source and a destination, we
find optimal, non-dominated paths connecting the source and the
destination, where the optimality is defined in terms of the stochas-
tic dominance among cost distributions of paths. We first design
an A� based framework that utilizes the uncertain graph to ob-
tain the most accurate cost distributions while finding the candi-
date paths. Next, we propose a three-stage dominance examination
method that employs extreme values in each candidate path’s cost
distribution for early detection of dominated paths, thus reducing
the need for expensive distributions convolutions. We conduct ex-
tensive experiments using real world road network and trajectory
data. The results show that our algorithm outperforms baseline al-
gorithms by up to two orders of magnitude in terms of query re-
sponse time while achieving the most accurate results.
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Path Finding; Stochastic Dominance; Travel Cost Distributions.

1. INTRODUCTION
It is becoming increasingly possible to capture traffic condi-

tions of road networks in detail either through real-time updates or
through historical data. This is due to the rapid increase in available
vehicle trajectory data, which enables a more detailed and accurate
capture of traffic [4, 8]. Specifically, instead of capturing traffic by
means of average travel cost values for road segments, it is possible
to derive travel cost distributions from trajectories. Consequently,
paths can also be associated with travel cost distributions, and it
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Figure 1: Motivating Example

is no longer appropriate to directly apply the concept of “short-
est path” to compare such paths with travel cost distributions. Al-
though any form of travel cost (e.g., travel time, fuel consumption,
or greenhouse gas emissions [3, 11]) can be used in the problem
settings, we focus on travel time.

We employ stochastic dominance to compare paths with cost dis-
tributions. In particular, given a source and a destination, we aim at
identifying all paths that are not stochastically dominated by other
paths. We call such non-dominated paths optimal paths. Then, it
is up to users to choose a particular path from the optimal paths
to travel according to the users’ personal preferences. This study
enables the accurate and efficient identification of optimal, non-
dominated paths.

Figure 1a shows three different paths, P1, P2, and P3, from a
source s to a destination d. Figure 1b shows the corresponding
cumulative distribution functions (CDFs) of the travel times of the
three paths. Consider two users u1 and u2 who would like to go
from hotel s to airport d, but with different time budgets. User u1

needs to catch a flight and thus wants to make sure to arrive at d
in 50 minutes. On the other hand, user u2 wants to try to meet
with his friend who has already arrived at the airport and thus is
interested in the path with the highest probability of arriving in the
shortest possible time, which is 30 minutes. Based on the cumu-
lative distribution functions, user u1 should take P2 since it gives
the highest probability of reaching the destination within 50 min-
utes, while user u2 should take P1 as it offers the best probability
of arriving early. Path P3 is not of interest to u1 or u2.

The intuition of the example can be explained in terms of
stochastic dominance. We say that one distribution stochastically



dominates another distribution if for every value, the former distri-
bution has a higher cumulative probability than the latter distribu-
tion. For example, P1’s travel time distribution dominates that of
P3; P2’s travel time distribution dominates that of P3; but P1’s
travel time distribution and P2’s travel time distribution do not
dominate each other. Thus, P1 and P2 are optimal paths as they
can maximize the probability of arriving the destination within a
user’s specific, time budget, while P3 can never be such a path, no
matter what time budget a user may have.

This example also suggests that travel cost distributions are
essential for decision making in many path planning scenarios–
simply considering mean travel costs is insufficient. For example,
if we only consider the mean travel times of the three paths, P2

with mean 41 minutes is always the best as the other paths (P1 at
43 minutes and P3 at 53 minutes) take longer time. The use of
mean travel times fails to meet u1’s and u2’s different needs (i.e.,
different time budgets).

To solve the optimal route planning problem, we need to con-
sider two aspects. First, we need to consider how to model a road
network with uncertain travel costs. Second, we need to consider
how to efficiently identify optimal paths in the resulting road net-
work.

To address these aspects, we propose a Hybrid Graph to model
the uncertain travel costs in a road network. A hybrid graph is a
weighted graph, where not only edges have weights, represented
by travel cost distributions, but where paths also have cost distri-
butions. The hybrid graph enables more accurate travel cost esti-
mation than does an ordinary weighted graph, where only edges
have weights. Next, we design a solution framework to explore
candidate paths in the network and that uses the hybrid graph to
obtain the most accurate distribution for each path. In this setting,
we propose a three-stage algorithm to detect stochastic dominance
between candidate paths.

In summary, we make the following contributions:

1. We propose the new problem of non-dominated path finding
in uncertain road networks.

2. We model a road network as a hybrid graph of sub-paths as-
sociated with random variables representing the cost distri-
butions. The hybrid graph takes time dependency into ac-
count by choosing the right time partition and shifting be-
tween time partitions as needed.

3. We design a solution framework that maintains a list of com-
petitor paths and utilizes the hybrid graph to choose the most
accurate available distributions for each path.

4. We propose a three-stage effective and efficient algorithm to
detect and exclude dominated paths. This algorithm avoids
expensive and unnecessary convolutions of dominated paths
distributions.

5. We conduct extensive experiments to evaluate the efficiency
and the effectiveness of the proposed framework and algo-
rithm, obtaining the following findings:

(a) In terms of query processing, our algorithm is more
than an order of magnitude faster than an existing base-
line algorithm and two orders of magnitude faster than
a naive algorithm.

(b) In terms of effectiveness, the set of non-dominated
paths computed by our algorithm are more accurate
than those computed by the baseline algorithm and as
accurate as those obtained using the naive algorithm.

The remainder of the paper is organized as follows. Related work
is discussed in Section 2. Section 3 presents the preliminaries . Sec-
tions 4 details the solution framework and the proposed algorithm.
Section 5 presents and discusses the experimental results, and Sec-
tion 6 concludes.

2. RELATED WORK
The shortest path routing problem has been studied intensively,

and routing in static road networks (e.g., distance based algo-
rithms) [2,7] as well as routing in dynamic (i.e., time-varying) road
networks (e.g., travel-time based algorithms) [6] have been consid-
ered. However, we are unaware of previous work on the problem
of using travel cost distributions to find all non-dominated paths.
Most existing studies estimates deterministic travel costs, where
the total cost of a path is the sum of the travel costs of the seg-
ments in the path [16, 22, 26, 27]. Some studies use real trajec-
tories to extract the travel cost of each segment if there are suffi-
cient trajectories, while other studies use techniques to estimate the
costs of road segments without trajectories. For example, they use
similar costs for adjacent segments [27] and topologically similar
segments [22, 26] to contend with sparseness. Furthermore, some
studies (e.g, [22, 26, 27]) consider time dependency to determine
the most accurate cost on the network segments (e.g., peak versus
off peak hours). All mentioned studies under this category do not
apply to our problem since we deal with distributions rather than
single-value costs on segments.

Studies exist that are more related to our problem, specifically,
uncertain travel cost routing studies [5, 13, 17, 23–25]. Here, the
travel costs of road segments are modeled as cost distribution in-
stead of static costs. Some studies assume that the cost distribu-
tion of each segment follows a standard distribution (e.g., a Gaus-
sian distribution), However, according to recent studies [23, 24], in
many cases, the travel costs generally follow arbitrary distributions.
Dependencies between segments is addressed by some studies [5],
while other studies assume that segments distribution are indepen-
dent of each other [13, 17]. All the above studies are inapplicable
to our problem as they do not aim to find a set of non-dominated
paths.

Our study is built on a recent study [5], that proposes an algo-
rithm to learn a set of random variables from real trajectories for
not only edges, but also for paths. This study also offers an al-
gorithm to identify an optimal set of random variables of a path
such that the path’s cost distribution can be estimated accurately.
This work aims to find the most accurate representation of a path
distribution by reducing the ratio of entropy in the chosen optimal
random variable set. To the best of our knowledge, this is the most
accurate method of obtaining travel cost path distributions and we
thus use it as the foundation of our study.

Another category of related work is work on skyline path queries
[1, 15, 24]. In such studies, the goal is to find all non-dominated
paths based on multiple cost types. For example, these cost types
can be distance, travel time, and the number of traffic lights [15].
Skyline paths are also used in trip planning queries [1]. The main
difference between these studies and our problem is that, the pre-
vious studies deal with multiple cost types, while we deal with the
same cost types (e.g., travel time only), but yet contend, with dif-
ferent distributions. Therefore, the algorithms proposed in these
studies cannot be applied to our problem.

3. PRELIMINARIES
We cover the basic concepts and define the problem.

3.1 Basic Concepts



Figure 2: An Example Road Network and Paths

A road network N is a directed graph N � pV,Eq where
V is a set of nodes representing road intersections and E is a
set of edges representing road segments connecting nodes. A
path P � xe1, e2, ..., eiy is a sequence of road segments where
each adjacent road segment pair must share a node. The car-
dinality |P| of a path P is defined as the number of road seg-
ments in P . A path P 1 � xq1, q2, .., qjy is a sub-path of path
P � xe1, e2, .., eiy if there exists a k P r0, i � js such that
xq1, q2, .., qjy � xek�1, ek�2, .., ek�jy. Figure 2 shows an exam-
ple road network with some paths.

A trajectory T � xp1, p2, ..., piy is a sequence of GPS records
representing a vehicle trip in the road network. Each GPS record
gpsi � pl, tq consists of a location l and a time-stamp t. Map
matching is able to map each GPS record to a specific location of
a road segment, thus aligning trajectories with paths. Next, we are
able to obtain the travel costs of using paths at different times based
on the trajectories that occurred on the paths. In particular, the
travel time can be obtained by measuring the difference between
the time of the last GPS record and the first GPS record on a path;
and the fuel consumption for traversing a path can be computed
by applying vehicular environmental impact models [9,10] and 3D
road networks [14] to the trajectories associated with the path.

We use a random variable RV to describe the cost distribution
of traversing a path P during a certain time interval I of a day. In
particular, a random variable’s probability mass function (PMF) is
represented as a sequence of (cost i:probability iq pairs, where the
sequence is ordered by cost values cost i and the probabilities sum
up to one, i.e.,

°
i probability i � 1. The cumulative probability

function (CDF) of a random variable is represented as a sequence
of (cost i :

°i
k�1 probabilityk) pairs, where a cost value cost i’s

cumulative probability is the sum of the mass probabilities of the
cost values that are less than or equal to cost i.

For example, assume that 100 trajectories occurred on path
P1 � xe1, e2, e3, e4y during morning rush hours from 7:00 a.m.
to 9:00 a.m., where 20 trajectories took 10 minutes, 50 trajectories
took 15 minutes, and 30 trajectories took 17 minutes. We can cre-
ate a random variable RV1 � x10 : 0.2, 15 : 0.5, 17 : 0.3y for
the path during (7:00, 9:00), representing that traversing the path
using 10, 15, and 17 minutes have probabilities of 0.2, 0.5, and
0.3, respectively. The corresponding CDF of the random variable
is x10 : 0.2, 15 : 0.7, 17 : 1.0y, meaning that traversing the path
using less than 10, 15, and 17 minutes have probabilities of 0.2,
0.7, and 1.0, respectively.

3.2 Hybrid Graph
The Hybrid Graph (HG) is a weighted graph built on top of

the road network N . Essentially, it maintains the following weight

Figure 3: Hybrid Graph with its RVs

function.

HG : tPu � T Ñ tRVu,

where tPu indicates a set of paths in the road network and tRVu
denotes a set of random variables, T indicates a set of time stamps.
Given a path Pi and a time stamp tj , the hybrid graph is able to
return a random variable describing the travel cost distribution of
traversing path Pi at tj .

The hybrid graph is instantiated using historical trajectories [5].
We partition a day into peak and off-peak intervals. If a sufficient
number (e.g., 100) of trajectories traverse a path P during an inter-
val, we derive a random variable for P for the interval by using the
trajectories. The reason that we only instantiate random variables
for paths with a sufficient number of trajectories is that we want to
avoid derived random variables that are over-fitted to a small num-
ber of trajectories’ cost values, which may be biased.

A path is a unit path if it has cardinality 1. If a unit path does not
have a sufficient number of trajectories, we instantiate a random
variable p length

speed_limit
: 1.0q for the path using its length and speed

limit.
In the hybrid graph, a random variable RVi associated with a

path Pi describes the travel cost distribution of the path. We in-
troduce the concept of rank for a random variable. Specifically,
the rank |RVi| of a random variable RVi is the cardinality of the
corresponding path, i.e., |RVi| � |Pi|.

Thus, for each unit path, the hybrid graph maintains two random
variables with rank 1, one for each of the peak and off-peak hour
periods. The random variables are either derived from speed limits
or from the trajectories that occurred on the unit path. For each
non-unit path, the hybrid graph maintains a random variable with
rank greater than 1 if a sufficient number of trajectories occurred
on the path during the interval considered. This means that, given
different historical trajectory sets, the hybrid graph may maintain
different random variables with rank greater than 1. Figure 3
shows an example of the hybrid graph during peak hours. We have
|RV1| � 1, |RV2| � 2, |RV3| � 3, and |RV4| � 1.

Next, we describe how to use the hybrid graph to derive the cost
distribution of a path. Given a path Pi along with a departure time
t, we first examine the relevant intervals, e.g., peak or off-peak
hours. In case that the duration of traversing the path covers both
peak and off-peak hours, we split a path into two sub-paths, one for
peak hour and one for off-peak hour. Without loss of generality,
in the following discussions, we only consider the case for a single
time interval.

Given a path, there can be more than a single combination of
random variables that is able to compute the cost distribution of
the path. For example, in Figure 3, consider the path Pi �
xn1n4, n4n6y. One possible way of deriving the cost distribution



of Pi is to convolute the distribution of edge n1n4 and the dis-
tribution of edge n4n6, i.e., to convolute the two rank 1 random
variables RV1 and RV4. Another way of deriving the cost dis-
tribution of Pi is to simply use random variable RV2 with rank
2. The two cost distributions obtained may not be the same. For
instance, consider the following example based on Figure 3.

Assume that 200 trajectories go through xn1n4y, xn4n6y. Out of
the 200 trajectories, there are 100 trajectories that traverse xn1n4y
in 10s and then xn4n6y in 20s, while the other 100 trajectories tra-
verse xn1n4y in 15s and then xn4n6y in 25s. Based on the avail-
able trajectories, we are able to instantiate two rank 1 random vari-
ables: RV1 � x10 : 0.5, 15 : 0.5y for unit path xn1n4y and
RV2 � x20 : 0.5, 25 : 0.5y for unit path xn4n6y. In addition, a
rank 2 random variable RV3 � x30 : 0.5, 40 : 0.5y can also be
instantiated. However, the convolution of RV1 and RV2 produces
a random variable x30 : 0.25, 35 : 0.5, 40 : 0.25y, that is differ-
ent from RV3. The convoluted distribution assumes that the travel
costs on the two edges are independent, while RV3 captures the
dependencies between the two edges—if one drives fast (slow) on
the first edge and then one is also likely to drive fast (slow) on the
second edge.

Following a recent study [5], the distribution obtained from ran-
dom variables with higher ranks are able to provide more accurate
distributions than that derived from random variables with lower
ranks. The intuition is that random variables with high ranks cap-
ture the cost dependencies among different road segments in the
path, which considers various hard-to-formulate traffic factors (e.g.,
turn costs, waiting at traffic lights). A formal proof is offered in the
same study [5].

Based on the above, we propose a method that is able to derive
the most accurate cost distribution of a path. Before introducing
the method, we define a direct extension relationship between two
random variables. Assume that two random variables RVi and
RVj represent the cost distributions of path Pi � xc1, c2, . . . , cmy
and path Pj � xe1, e2, . . . , eny, respectively. Random variable
RVi is a direct extension of random variable RVj , if the following
two conditions hold.

1. The cardinality of path Pi is one larger than the cardinality
of path Pj , i.e., m � n�1 and equivalently |Pi| � |Pj |�1.

2. The first n edges in path Pi are identical to the first n edges
in path Pj , i.e., e1 � c1, . . . , en � cn.

We use symbol Ñ to express the direct extension relationship.
In particular, RVi

ÑRVj denotes that RVi is a direct extension of
RVj . For example, in Figure 3, RV2 is a direct extension of RV1,
denoted as RV2

ÑRV1 .
Consider a path Pi � xe1, e2, . . . , eny. We aim at selecting the

combination of random variables that is able to provide the most
accurate travel cost distribution for the path. We call such a com-
bination of random variables the path’s optimal random variable
list, denoted as RVList i. We start considering the first segment e1
and add its corresponding random variable, say RVe1 , to RVList i.
We then consider the next segment e2. If a random variable RV�
exists that is a direct extension of RVe1 and RV�’s corresponding
path contain e2, we remove RVe1 from RVList i and add RV�
to RVList i. On the other hand, if no such a random variable ex-
ists, we add e2’s corresponding rank 1 random variable to RVList i.
The procedure continues until the last edge en is checked. Finally,
RVList i contains the combination of random variables with the
highest ranks and whose corresponding paths cover the path Pi.
By convoluting the random variables in RVList i, we achieve the
cost distribution for path Pi.

As an example, we consider obtaining the RVList of Pi �
xn1n4, n4n6, n6n7y in Figure 2 using the hybrid graph in Fig-
ure 3. First we consider the first segment xn1n4y and add its cor-
responding random variable RV1 to Pi’s optimal random variable
list RV Listi. Next, we consider the segment xn4n6y and check
the random variables associated with it. Since the random variable
RV2 is a direct extension of the just added random variable, i.e.,
RV1, we remove RV1 from RV Listi and add RV2 to RV Listi.
Then, when we reach the segment xn6n7y, following the same idea,
we find RV3

ÑRV2 , thus, remove RV2 from RV Listi and add
RV3 to RV Listi. Finally, we end up with an optimal random
variable list for path Pi only containing the random variable RV3.

3.3 Problem Statement
Before formalizing the non-dominated routing problem, we in-

troduce the concept of stochastic dominance [12] between two
random variables. We say that a random variable RVi stochasti-
cally dominates a random variable RVj such that RVi   RVj , if
the following two conditions hold.

1. For every possible cost value c, we have CDFRVipcq ¥
CDFRVj pcq.

2. There exists a cost value c�, such that CDFRVipc
�q ¡

CDFRVj pc
�q.

Assume that RVi and RVj represents the cost distributions of
paths Pi and Pj that connect with the same source and destination.
If RVi stochastically dominates RVj , we are sure that,

1. Given any time budget, path Pi always has higher or the
same probability of arriving within a time budget as does
path Pj .

2. A time budget exists such that path Pi gives higher proba-
bility of arriving within the same time budget than does path
Pj .

Thus, no user is interested in using path Pj . This formalizes the
intuition in the example in the introduction.

Based on the above, we can state the non-dominated path finding
problem.

DEFINITION 1. Non-dominated path finding query: Assume
that we have a road network N along with its instantiated hybrid
graph HG . Given a source s, a destination d, and a departure time
t, the non-dominated path finding query returns the set of all non-
dominated paths from s to d. A path P is a non-dominated path if
no other path P 1 exists such that P 1’s cost distribution stochasti-
cally dominates P’s cost distribution.

4. FINDING NON-DOMINATED PATHS
In this section, we design algorithms for solving the non-

dominated path finding problem.

4.1 Solution Framework
We design a general solution framework for solving the problem,

which is used by all the proposed algorithms. Different algorithms
use different methods to detect stochastic dominance between the
cost distributions of paths. The framework is described as follows.

First, starting from the source node s, we perform a graph search
towards the destination d using an A� like approach. But instead
of maintaining a priority queue of nodes, we maintain a priority
queue of competitor paths. This priority queue is used to order
paths in ascending order according to their expected travel cost.



Specifically, every possible path P from s to d is a competitor path
as long as it is not dominated by another path P 1 from s to d. The
top path in the priority queue, i.e., the path with the least expected
cost, is popped up, and a new, unvisited node is added to the path
leading to the creation of more paths for every segment emanating
from the last node of the path. We call this process of creating
more paths “path branching.” This is because a path splits into as
many branches as there are segments that emanate from a node.
For example, in Figure 2, the search starts from s towards d. When
segment xsn2y is added to path P2, path P4 is branched at n2.
Since P4 is branched from P2, the paths share segment xsn2y.

As in a typical A� search, we estimate the minimum cost from
the last node of a partially explored path to the destination d, in or-
der to direct the search and assign paths appropriate priorities in the
priority queue. The estimated cost to d is the Euclidean distance
from the last node in a path to d divided by the maximum speed
limit in the road network. It is important to note that the minimum
estimated total cost is only used to direct the graph search towards
d. It does not replace the RV distributions when checking for dom-
inance between competitor paths. Therefore, it does not affect the
accuracy of the results. In addition, even if the minimum expected
total cost of a path Pi is lower than that of Pj such that Pj is placed
at a better position in the priority queue, this does not mean that Pi

cannot dominate Pj when they are competing with each other.
The solution framework utilizes the Hybrid Graph to obtain the

most accurate cost distributions for different paths. This is done
by convoluting the random variables in a path’s optimal random
variable list, as discussed in in Section 3.2.

Next, we propose an early detection and termination approach
of dominated paths as the search continues towards d. First, every
node ni keeps a list of non-dominated paths that arrive ni, rep-
resented as NonDompniq � tP1,P2, ..,Pku. Second, when a
new path P 1 arrives at ni, we examine the dominance relationship
between P 1 and the paths in NonDompniq. If P 1 is dominated
by any path in NonDompniq, then P 1 is terminated and removed
from the priority queue. However, if P 1 dominates a path P in
NonDompniq then P is removed from the priority queue and from
NonDompniq. Further, we remove any other path branching from
P . We formalize the terminating branched paths in the following
theorem.

THEOREM 1. Let ni be a node in road network N , with a
list of non-dominated paths NonDompniq including P , i.e., P P
NonDompniq. Let paths tPj ,Pk, . . . ,Plu be branched from P
after passing ni. Let P 1 be a new path to ni and P 1 dominates P
at ni. We have that any path branching from P after passing ni

can be terminated and removed from the priority queue.

PROOF. For paths in tPj ,Pk, . . . ,Plu that are branched from
P after passing ni, we are able to compose a corresponding set of
paths tP 1j ,P 1k, . . . ,P 1lu such that they are branched from P 1 after
passing ni and have the same road segments as tPj ,Pk, . . . ,Plu
except for the part prior to reaching ni.

Since P 1 dominates P at ni and the distribution of the paths
branched from both P and P 1 are the same after ni, the paths in
tP 1j ,P 1k, . . . ,P 1lu dominate the paths in tPj ,Pk, . . . ,Plu. There-
fore,the paths in tPj ,Pk, . . . ,Plu can be safely removed from the
priority queue.

As an example, in Figure 2, when the path P2 visits n2,
it branches and creates a new path P4 . Similarly, assume
the path P4 branches at n4 ,creating a path (e.g., P5 �
xsn2.n2n4, n4n6y) and the node n4 maintains a list of non-
dominated paths NonDompn4q � tP4,P5u. Later, when path

P3 visit n4 and meets and dominates P4 (P3   P4), path P4 is
terminated and removed from the priority queue as well as all paths
branched from it (P5) at the meeting node. This is because P3 will
branch at n4, creating a new path (e.g., P6) by adding the segment
n4n6. Since P3 has a better cost when reaching n4 than does P4,
path P4 and its branches (P5) can be removed safely.

This approach reduces the number of the paths dramatically,
as the paths are dominated by other paths. Thus, detecting them
early prevents branching from them and creating additional non-
competitive paths. However, we have not covered the process of
examining the dominance between competitor paths. The details
of this step are different in each algorithm considered next.

Before doing so, the pseudo of the general procedure is provided
in Algorithm 1.

Algorithm 1: General Framework
Input: A road network N , s, d, Hybrid graph HG,

Dominance Algorithm DA
Output: A set of non-dominated paths
PathsOpenList � Lowest_Cost_Priority_Queuepq;
First_Path.add_nodepsq;
PathsOpenList.addpFirst_Pathq;
// create paths to d
while PathsOpenList.size¡ 0 do

Cur_path Ð PathsOpenList.toppq;
for seg P PathsOpenList.head.edges do

Curt_path_RV List.addpseg.RVs,HGq;
Cur_node Ð seg.End_nodepq;
Curt_path_nodes.addpCur_nodeq;
// Check if the path is dominated
Cur_node.nonDom_paths.checkpCur_path,DAq;

if Curt_path is not dominated then
New_path � Cur_path.branchpCur_nodeq;
PathsOpenList.addpNew_pathq;

4.2 Stochastic Dominance Checking Baselines
We offer two baseline algorithms for stochastic dominance

checking.

4.2.1 Naive Dominance Detection Algorithm
A straightforward algorithm to check the dominance between

paths works as follows. First, when two paths meet at a network
node, we convolute the random variables in each path’s optimal
random variable list to get the cost distribution for each path. To
increase the algorithm efficiency, we use fast fourier transformation
(FFT) based convolution [19]. Next, we check the stochastic domi-
nance relationship between the two paths’ distributions by checking
the cumulative probability of each cost value.

This baseline has two main limitations. First, it needs to convo-
lute all random variables in a path’s optimal random variable list
every time a new segment is added to the path. Second, it needs to
check every cost value in each path in order to check the dominance
relationship between two paths when they meet at a node. The long
time consumed by these two procedures is wasted if the checked
path is dominated, which is the case for most of the possible paths
between s and d.

For example in Figure 2, when the two paths P3 � xsn1, n1n4y
and P4 � xsn2, n2n4y meet at n4, we first convolute the random
variables of each path. Next, we check their dominance relation-



Cost PMF pP3q PMF pP4q CDF pP3q CDF pP4q

5 0.7 0 0.7 0

6 0.3 0 1 00

7 0 0.5 1 0.5

8 0 0.2 1 0.7

10 0 0.3 1 1

Table 1: Naive Stochastic Dominance Checking Baseline at n4

ship by checking the cumulative probability of each possible cost
as shown in Table 1. We sort the cost values of both paths in as-
cending order and compare the cumulative distribution of each cost
value. Path P3 dominates path P4 as the the stochastic distribution
of P3 is equal or larger than that of P4.

Checking the dominance relationship using this baseline is easy
task at the beginning of the graph search, as the number of random
variables that need to be convoluted is small. However, as paths
grow, the number of distribution cost values increases dramatically.
Although this solution has accurate results, it is extremely slow
the convolution is a very expensive operation even with the assis-
tance of FFT. Classical convolution without using FFT has Opn2q
complexity where n is the number of cost values, while FFT-based
convolution has Opn lognq complexity. In addition, the compu-
tation of finding stochastic dominance between two distributions
with large numbers of cost values is also expensive. Therefore, this
solution is not feasible for large data sets.

4.2.2 Histogram Approximation Based Dominance
Detection Algorithm

The second baseline employs histograms to approximate the dis-
tributions and thus improves efficiency. For a random variable with
n cost values, it approximates the corresponding distribution by a
histogram with m buckets, where m is much smaller than n. To
make the histogram best approximate the distribution using the m
buckets, we try to maintain a minimum error value between the dis-
tribution represented by the original random variable and the dis-
tribution represented by the corresponding histogram, e.g., using
the V-optimal histogram algorithm [20]. In particular, we use f-fold
cross validation [21] to ensure that that the optimal boundaries of
the m buckets are identified such that the error value is minimized.

The time complexity of histogram based convolution is
Opm logmq, where m is the number of buckets, which is usually
much smaller than the number of cost values n. Thus, the his-
togram approximation based baseline is much faster than the naive
baseline, but the distribution obtained is less accurate.

For example in Figure 3, when the path P3 starts from s, we ap-
proximate the cost values of every RV that is added to the path.
when P3 and P4 reach n4, we have would several histogram buck-
ets for each path, which are faster to convolute and to check for
dominance. We check dominance between paths in the same way
as the naive algorithm. But, in the histogram based baseline we
deal with fewer of buckets compared to the number of cost values.

4.3 Extreme Values Based Dominance Check-
ing

We propose an efficient algorithm to detect stochastic dominance
between paths. Our solution is based on the observation that most
dominated paths from s to d can be detected using the two extreme
(i.e., minimum and maximum) cost values of each path. We pro-
pose an algorithm that utilizes these extreme values to avoid the ex-
pensive convolution and examination of all cumulative probability
values, thus obtaining all non-dominated paths efficiently. We call

this algorithm ExVDom. It has three main stages, where the first
and the second stages are based on checking the extreme values.
The first stage uses the extreme value technique to detect domi-
nance between paths as they grow towards d. The second stage
uses the first path that arrives at the destination d to obtain a thresh-
old and uses its extreme values to check dominance with the cur-
rently partially-explored paths. In the last stage, we perform full
convolution and stochastic dominance examination for paths that
are not pruned by the first and second stages to obtain the final set
of non-dominated paths.

We first define several concepts to help understand the algorithm.
Assume that we have a path Pi and the random variables in its
optimal random variable list. Recall that the cost values in each
RV are sorted in ascending order. After we perform convolution
on the RVs, we obtain a sequence of cost values xc1, c2, ..., cny,
where c1 is the minimum cost value and cn is the maximum cost
value for Pi, represented as Piminc and Pimaxc, respectively.

Each cost value ci is associated with a probability value. Thus,
we have a cost-probability pair pcost : probq. A cost value ci of
a path Pi, Pici, is said to be larger than another cost value cj of
another path Pj , i.e., Pjcj , if the cost of ci exceeds that of cj ; or
they have the same cost, but the probability of ci exceeds that of cj ,
probpciq ¡ probpcjq.

The main idea of the algorithm is to maintain the optimal list of
RVs for each path with sorted cost values in each RV and not to
perform any convolution except for the minimum and maximum
cost values of each RV . In contrast to the traditional method of ex-
amining stochastic dominance, which requires the convolution of
all cost values, ExVDom only convolutes the minimum and maxi-
mum cost values of each RV to detect obvious dominance between
paths. The convolution done by ExVDom uses two cost values from
each RV and results in two final extreme cost values. Before we
discuss the details of this process, we state corollaries.

COROLLARY 2. Given two paths Pi and Pj and their extreme
cost values (PiMinc, PiMaxc) and (PjMinc, PjMaxc), if
PiMaxc ¤ PjMinc then Pi dominates Pj .

PROOF. When PiMaxc ¤ PjMinc, then PiMaxc ¤ Pjci,
where ci is any other cost value in Pj . This means that Pi domi-
nates Pj according to the definition of stochastic dominance.

COROLLARY 3. Given two paths Pi and Pj and their extreme
cost values (PiMinc, PiMaxc) and (PjMinc, PjMaxc). if
PiMinc   PjMinc and PiMaxc ¡ PjMaxc, then Pi does
not dominate Pj and Pj does not dominate Pi.

PROOF. When PiMinc is less than that of Pj and PiMaxc

is larger than that of Pj then for all other cost values in Pj ,
i.e., xc1, c2, .., cny, they are larger than PiMinc and smaller than
PiMaxc. This means that neither path can dominate the other.

Based on the corollaries, we can guarantee that a path Pi domi-
nates another path Pj if Corollary 2 is satisfied, and we can guar-
antee that the two paths do not dominate each other if Corollary 3
is satisfied.

Stage 1
The first stage of the algorithm proceeds as follows. Similar to
the intuitive solution, it uses the solution framework and starts by
traversing the graph towards the destination, maintaining an opti-
mal list of high rank RVs. However, it only performs convolution
for the maximum and minimum cost values of each RV . When
two paths meet at a node, we check their dominance in terms of
their extreme values according to Corollaries 2 and 3. The failure



Cost PMF pP1q PMF pP2q PMF pP3q CDF pP1q CDF pP2q CDF pP3q

30 0.4 0.2 0.1 0.4 0.2 0.1

40 0.2 0.5 0.1 0.6 0.7 0.2

50 0.2 0.3 0.4 0.8 1 0.6

60 0.1 0 0.2 0.9 1 0.8

70 00.1 0 0.2 1 1 1

Table 2: Stage 3 Stochastic Dominance

of satisfying Corollary 2 does not convey any dominance relation-
ship between the two paths. Indeed, this means that the dominance
relationship is as yet unknown. Therefore, they keep growing in
the graph until they are dominated by the extreme values of other
paths, or their dominance is examined in a latter stage.

As an example in Figure 2 and Table 1, the minimum and max-
imum cost values of P3 and P4 when they meet at node n4 are
(P3Minc � 5 : 0.7, P3Maxc � 6 : 0.3) and (P4Minc �
7 : 0.5, P4Maxc � 10 : 0.3) respectively. Since P3Maxc  
P4Minc, P3 dominates P4.

Stage 2
The second stage of ExVDom is to employ the first arriving path
threshold. This stage is also based on the extreme values domi-
nance technique, but it uses a different procedure. Let Pi be the
first arriving path at destination d. Let Pj be the top path in the pri-
ority queue and assume that Pj arrives at ni. Let Escstpni Ñ dq
be the estimated minimum cost from ni to d, which can be eas-
ily estimated using the Euclidean distance (d, ni) between ni and
d divided by the maximum speed limit in N . When we convo-
lute Escstpni Ñ dq with PjMinc we can get an estimate of the
minimum cost value of Pj when it arrives at d and use the func-
tion EspPjMincq to obtain it. Since we have EspPjMincq and
Pimaxc we can utilize the following corollary.

COROLLARY 4. Assume that we re given Pi and Pj , the ex-
treme cost values of Pi, i.e., (PiMinc,PiMaxc), and the esti-
mated minimum cost EspPjMincq. If PiMaxc ¤ EspPjMincq,
then Pi dominates Pj when Pj arrives at d. Therefore, Pj can be
terminated early and removed.

PROOF. Since Escstpni Ñ dq is the minimum estimated cost
to d, EspPjMincq is the minimum estimated cost value when Pj

arrives at d, which is a lower bound on the actual minimum cost to
d. When PiMaxc ¤ EspPjMincq, then PiMaxc ¤ EspPjciq,
where ci is any other cost value in Pj . Since the estimated costs are
lower bounds of actual costs, we have PiMaxc ¤ Pjci. There-
fore, Pi dominates Pj .

The procedure of obtaining the first arriving path threshold is as
follows. First, when a path Pi, arrives at d we use its maximum
extreme cost value (PiMaxc) to create a threshold. Next, when
the top path Pj in the priority queue pops up, we use the function
EspPjMincq to estimate the minimum cost values of Pj when it
arrives at d. We use Corollary 4 to check if Pj is dominated by Pi.
If Pi dominates Pj , we terminate and remove Pj from the priority
queue. Otherwise, we keep it for dominance checking in the last
stage. We keep applying the process in this stage until the priority
queue is empty, upon which we have a set of paths that arrive at
d and that may be non-dominated paths. Final check up for non-
dominated paths is done in the last stage.

For example, in Figure 2, when P1 arrives at d it creates the
threshold with its maximum cost value (e.g., P1Maxc � 8 : 0.04).

Next, when P3 arrives at n6, we compare it against the thresh-
old path as follows. First, we measure the Euclidean distance
pn6, dq (e.g., 6 km) and use the maximum speed limit in N (e.g.,
100 km/hour) to estimate the minimum cost to the destination
Escstpn6 Ñ dq � 3.6 : 1. Next, we convolute Escstpn6 Ñ dq
with the minimum cost value of P3 when it arrives at n6 (e.g.,
P3Minc � 6 : 0.1) to obtain the final estimated cost EspP3ci of
P3: P3Minc ` Escstpni Ñ dq � 9.6 : 0.1, where ` denotes
convolution. Finally, since P1Maxc   EspP3ciq, P3 is domi-
nated by P1 and it can be terminated safely.

The First Arriving Path Threshold Improvement: We im-
prove the pruning effectiveness of the second stage by improving
the estimation of the minimum cost value of an open path (e.g., Pj)
when it arrives at d. We denoted this cost value by EspPjMincq
in the previous section. Specifically, we replaced the Euclidean
distance between the last node of the open path (e.g., ni) and d,
which was denoted as d, ni, by the real network distance. To ob-
tain the network distance, we run a one-to-all shortest path query
from the destination d; and for each network node ni we save its
distance to d. The use of network distance is more accurate than
the use of Euclidean distance and thus improves the ability of the
algorithm to detect more dominated paths. For example, in Fig-
ure 2, when we use the Euclidean distance and compare P2 against
the threshold path P1 using the Euclidean distance, P2 may not be
dominated. However, when we use the network distance pd, n7q
instead of (d, n7), the chance of P2 being dominated is higher.

Stage 3
The last stage examines the stochastic dominance between paths
that arrive at d and that are not pruned in stages 1 and 2. For each
such path, we convolute the random variable in its optimal random
variable list. Here, we also use Fast Fourier Transformation (FFT)
based convolution to increase the efficiency. Next, we examine
the dominance between each pair of the arriving paths using all
their possible distributions, same as the naive baseline discussed in
Section 4.2.1.

For example, in Table 2, we show the PMFs for P1,P2, and P3

and assign 0 for unavailable cost values for each path. Next, we cre-
ate the CDF for each path and examine the dominance relationship.
The cumulative probability value of P1 exceeds that of P2 at the
cost value 30. However, the cumulative probability of P2 is larger
for the remaining costs. Therefore, the paths P1 and P2 do not
dominate each other. On the other hand, the cumulative probability
of P3 is always lower than that of P1 and P2, thus, it is dominated
as shown in Figure 1b. Finally, both P1 and P2 are returned as the
non-dominated paths.

Summary:
To summarize, the ExVDom algorithm consists of three stages. In
the first, we use an extreme values technique to examine paths dom-
inance when they meet at intermediate nodes. In the second stage,
we use the threshold of the first arriving path along with the ex-
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Figure 4: Efficiency, effect of hybrid graphs

treme value technique to examine dominance of paths in the prior-
ity queue. In the third stage, we use FFT based convolution to con-
volute each surviving path’s random variables and examine their
dominance relationships. The main advantage of ExVDom is that
it prunes many paths in the first two stages and only performs full
convolution for a few final arriving paths. This saves considerable
computation, which would otherwise have been wasted performing
convolution for dominated paths that are pruned in stages 1 and 2.

5. PERFORMANCE EVALUATION
We evaluate the performance of the three-stage ExVDom algo-

rithm against the naive baseline (denoted as NB) and the histogram
based baseline (denoted as HB, cf. Section 4.2). We evaluate the
efficiency and effectiveness of ExVDom against both NB and HB.

5.1 Experimental Setup
Road Network: We use the road network of Aalborg, Den-

mark, obtained from Open StreetMap, which has 20,195 nodes and
41,276 segments with and average length of 250 m. We refer to this
dataset as N1. We extracted a smaller dataset N2 (200 nodes) from
the center of N1 in order to evaluate the performance of the naive
baseline.

Trajectories: We use a GPS data set containing 37 million GPS
records with a sampling rate of 1 Hz (e.g., one record per second)
from the same road network. We map match the GPS records using
a well-know algorithm based on hidden Markov models [18].

Hybrid Graph: We instantiate the hybrid graph using the GPS
records that occurred in peak and off-peak intervals, respectively,
thus obtaining two hybrid graphs—one for peak hours and one for
off-peak hours.

Parameters: We vary parameters as stated in Table 3, where
default values are shown in bold. Specifically, we vary the Eu-
clidean distance between s and d from 2.5 km to 20 km. Next, we
perform experiments on the peak and off-peak hybrid graphs. We
randomly generate 100 queries according to the parameters of each
experiment setup. We consider travel time as the travel cost in the
experiments, where the finest travel time unit is a second.

5.2 Efficiency Evaluation

5.2.1 Query Processing Time
We measure the query response time of ExVDom and the two

baselines in varying settings. In addition, we also report the pro-
cessing time taken by each stage of ExVDom.

Effect of hybrid graphs: We measure the run time required by
each algorithm to process a query in the smaller road network N2.
Figure 4a shows that, ExVDom is two orders of magnitude faster
than the NB algorithm and more than three times faster than the HB
algorithm for both hybrid graphs. This confirms that the superiority
of ExVDom over the naive algorithms.

Figure 4b illustrates the query processing time by ExVDom and
HB for queries on the larger road network N1. The query response

(a) In general (b) At each stage

Figure 5: Efficiency, effect of path distance

(a) Memory Consumption (b) Number of cost values

Figure 6

Parameter Values
Distance between s and d 2.5km, 5km ,10km,20km
Hybrid graph peak, off-peak

Table 3: Parameter Settings

time of ExVDom is more than seven times lower than that of the HB
algorithm for both hybrid graphs. We do not include the results for
NB because it takes prohibitively long time, which suggests that it
is inapplicable to large road networks.

The response time of ExVDom is slightly higher for the peak hy-
brid graph than that of the off-peak hybrid graph, for both road
networks. This is due to the complex cost distributions during
peak hours resulting in larger differences between the minimum
and maximum cost values in the optimal random variable list of
each competitor path, thus making extreme value based pruning
slightly less effective.

Effect of path distance: We vary the average distance between
the source and the destination in N1 from 2.5 km to 20 km. Fig-
ure 5a shows that ExVDom is more than an order of magnitude
faster than HB at the 20 km distance queries. The processing time
for both algorithms increases as the distance increases. This is be-
cause the size of the optimal random variable list associated with
each competitor path increases, which results in more time being
needed for convoluting the random variables in the list and for
checking stochastic dominance. However, the time of HB increases
more than that of ExVDom because ExVDom avoids full convolu-
tion when constructing paths.

Next, we report the average run time consumed at each stage
of ExVDom while varying the distance between the source and the
destination, in Figure 5b. As the distance increases, the processing
time of the the first two stages increases accordingly. However, we
observe a higher increase at the third stage as the distance increases.
This is because longer paths maintain more random variables in
their optimal random variable lists, which leads to more time re-
quired to convolute them and check their stochastic dominance at
the third stage.

5.2.2 Memory Consumption
We compare the memory consumption of ExVDom and HB. In
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Figure 7: Paths accuracy

addition, we measure the average number of cost values of the paths
returned by both algorithms.

Memory consumption: Figure 6a shows the maximum total
memory consumption of HB and ExVDom. As the figure shows,
both algorithms allocate the same memory space for the hybrid
graph since it is used by both algorithms. However, ExVDom con-
sumes less memory than HB when detecting dominance between
competitor paths. This is because ExVDom uses the extreme values
pruning technique and it does not need to store the cost values con-
volution of each competitor path. On the other hand, HB maintains
a list of approximated joint distributions of each competitor path,
thus, requiring space to store their convolution.

Number of cost values: We compare the number of cost values
returned by ExVDom and HB while varying the distance between
the query points. Figure 6b shows that the number of cost values
of HB is less than that for ExVDom. This is because HB approx-
imates the many cost values into a limited number of histogram
buckets and thus the number of buckets, is much lower than the
number of actual cost values. This affects the precision of the cost
distributions of the returned paths, thus yielding less accurate lists
of non-dominated paths. Although ExVDom requires more space
to store the convoluted paths at the third stage, the number of these
paths is much smaller than the number of paths HB convolutes dur-
ing the network search. Therefore ExVDom consumes less memory
in general, as shown in Figure 6a.

5.3 Effectiveness Evaluation
We compare the returned non-dominated paths of both ExVDom

and the baselines in both road networks, while varying the distances
between source and destination. Next, we measure the percentage
of terminated paths by each stage in ExVDom. Finally, we perform
three experiments to examine the set non-dominated paths returned
by ExVDom in terms of cardinality and similarity.

Effect of hybrid graphs: The paths returned by ExVDom and
the naive baseline NB are identical because both compute the ex-
act travel cost distribution, and they do not approximate travel cost
distributions. In contrast, the histogram based baseline HB returns
different paths due to the approximated distributions represented in
histograms. In this sense, ExVDom and NB are considered as exact
algorithms, while HB is considered as an approximate algorithm.
Figure 7a shows the similarity percentage between the approximate
algorithm HB and the exact algorithms (i.e., ExVDom or NB) on
both road networks. Paths returned by HB are different for both
road networks. This is due to the histogram approximation used by
HB. This similarity can be as low as 75% for the peak hybrid graph
in N1. It can be seen, from Figure 7a, that the similarity percentage
is slightly less for the peak hybrid graph compared to the off-peak
hybrid graph. This is due to that the complex cost distributions dur-
ing peak hours, resulting in larger approximation influence on the
accuracy of the path cost distributions.

Effect of distance between query points: Figure 7b illustrates
the similarity percentage between the ExVDom and HB algorithms

(a) Paths termination percentage (b) Paths Similarity

Figure 8: Effectiveness

for queried paths on road network N1 using different distances be-
tween the source and the destination. The similarity between HB
paths and ExVDom paths decreases as the distance increases. This
is because the longer a path is, the more random variables there are
in competitor paths’ optimal random variable lists, and thus the less
accurate the histogram approximation becomes.

Paths termination: Figure 8a shows the percentage of paths
terminated at each stage of ExVDom for peak and off-peak hybrid
graphs. It can be seen that, most of the paths are terminated at the
first and second stages with most being terminated in the first stage.
The paths terminated at the third stage after the full convolution
and stochastic dominance check are less than 1%. However, as we
discussed in Figure 5b the third stage consumes about 15% of the
query processing time.

Cardinality of non-dominated paths: We generate 100 queries
using the default settings and measure the cardinality of the re-
turned non-dominated paths list. Figure 9a shows that, most of the
queries return 1, 2, or 3 non-dominated paths. Only a few queries
return more than 5 non-dominated paths, and the maximum number
of non-dominated paths is 8.

Effect of distance on the cardinality of non-dominated paths:
Using the default settings we generate 25 queries for each setting
of the distance between s and d (2.5 km, 5 km, 10 km, 20 km) and
measure the cardinality of the returned non-dominated paths list.
Figure 9b shows that, when the distance is within 2.5 km, most of
the queries returned less than 4 paths. As the distance increases the
cardinality of returned paths increases. At the 20 km distance, the
average cardinality of the returned paths is 5, and the cardinality
can be up to 8.

Similarity between non-dominated paths: We measure the
similarity among the non-dominated paths if a query returns more
than one non-dominated paths. Specifically, we compute the av-
erage similarity percentage for every possible pair of the returned
non-dominated paths while varying the distance between s and d.
Figure 8b shows that at the 2.5 km distance setup, the returned
non-dominated paths are quite similar—they share many segments.
However, as the distance increases, the similarity between non-
dominated paths decreases, and they share only 40% of the seg-
ments.

6. CONCLUSIONS
We propose a new path finding problem called non-dominated

path finding in uncertain road networks. The problem aims at find-
ing a set of non-dominated paths in term of their cost distributions
between a source and a destination. To solve the problem, we in-
stantiate hybrid graphs using trajectories such that edges and some
paths are associated with travel cost distributions. The hybrid graph
enables accurate travel cost distribution estimation for any path in
the given road network. We then introduce an A� based solution
framework that utilizes the hybrid graph to search the road network
while capturing the most accurate cost distributions. This frame-
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work maintains a priority queue of competitor paths and manage
paths’ branching at intersections to create more paths. We pro-
pose a three-stage dominance detection algorithm to be fit to the
solution framework to early detect dominance between competitor
paths. This algorithm is based on the extreme values dominance
technique, where the two extreme (minimum and maximum) cost
distributions of each competitor path are used to check their dom-
inance. As shown by the experimental study, our algorithm out-
performs both the naive and the HB baseline algorithms in two
aspects. First, the time taken to return a set of non-dominated paths
by our algorithm is an order of magnitude smaller than that of the
histogram based baseline algorithm and two orders of magnitude
smaller than that of the naive baseline algorithm. Second, while the
naive baseline algorithm cannot be applied on large road networks,
the paths returned by our algorithm are more than 35% more accu-
rate than that of the histogram baseline algorithm.

Interesting future work includes investigation of the feasibility
of a pre-computing phase in order to improve the algorithm and
enable it to scale to larger road networks. It may also be possible
to improve the process of choosing the right combination of RVs
to improve the accuracy of the path cost. Finally, it is of interest to
consider more time intervals and manage the overlapping between
them.
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